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TRANSLATOR'S PREFACE 


This book is a translation of V.I. Tatarski's "Teopua OnyKTyaumoHHHx 
finnenun IIpm Pacnpocrpanenuu Bonu B Typ6yneuTHok Atuocgepe” ; 
literally "The Theory of Fluctuation Phenomena in Propagation of Waves in a Tur- 
bulent Atmosphere”. It is hoped that Tatarski's book, together with the transla- 
tion of L.A. Chernov's "Wave Propagation in a Random Medium" (McGraw-Hill Book Co., 
1960) will furnish a comprehensive and authoritative survey of the present state 
of research in the field of wave propagation in turbulent media, with special 
emphasis on important Russian contributions. 

For typographical convenience, the numerous footnotes appearing in the Rus- 
Sien original have been collated in the Notes and Remarks section at the end of 
the book; I have taken the liberty of adding some remarks of my own, all identi- 
fied by the symbol T in parentheses. The Russian original has also been supple- 
mented in two other ways: 1) Dr. R.H. Kraichnan has written an Appendix qualifying 
the material in Chapter 5; 2) In the References section, I have cited some readily 
available English and German translations of Russian papers. (The origin of one 
reference, No. 61, was not clear to me.) 

The time has come to thank the team of Jacqueline Ellis and Maureen Kelly 
for their expert performance in preparing the masters for both this book and the 


Chernov translation. I also take this occasion to thank my wife for her pains- 


taking proofreading of both books. 


AUTHOR'S PREFACE 


In contemporary radiophysics, atmospheric optics and acoustics, one often studies the pro- 
pagation of electromagnetic and acoustic waves in the atmosphere; in doing so,it is increasing- 
ly often necessary to take into account the turbulent state of the atmosphere, a state which 
produces fluctuations in the refractive index of the air. In some cases the turbulence mani- 
fests itself as atmospheric "noise", causing fluctuations in the parameters of waves propaga- 
ting through the atmosphere; in other cases the atmospheric turbulence behaves like a source of 
inhomogeneities which produce scattering. This latter phenomenon has attracted the attention 
of numerous investigators, since it is connected with the long distance propagation of V.H.F. 
and U.H.F. radio waves by scattering in the fonosphere and in-the troposphere. Thus the prob- 
lem of "waves and turbulence” is at present one of the important problems of radiophysics, 
atmospheric optics and acoustics. 

In the last decade, a large number of papers pertaining to this problem have been published. 
These papers are reviewed in the special monograph by D.M. Vysokovski, entitled "Some Topics in 
the Long Range Tropospheric Propagation of U.H.F. Radio Waves" (Izdat. Akad. Nauk SSSR, Moscow, 
1958); this monograph is chiefly concerned with papers by foreign authors. Recently there has 
also appeared a monograph by L.A. Chernov entitled "Wave Propagation in a Medium with Random 
TInhomogeneities" (Izdat. Akad. Neuk SSSR, Moscow, 1958). However, the present monograph differs 
from those cited in that the author has tried to make more complete and consistent use of the 
results of turbulence theory. 

In recent years the study of turbulence (in particular, atmospheric turbulence) has ad- 
vanced considerably. In this regard, a large role has been played by the work of Soviet sci- 
entists [e.g. 8,9,11-15,17,21, 22, 30]. However, the results of turbulence theory are often not 


used in solving problems related to wave propagation in a turbulent atmosphere. In a consider- 


able number of radiophysics and astronomy papers devoted to radio scattering, the twinkling and 
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vil 


quivering of stellar images in telescopes, etc., only crude models, which do not correspond to 

reality, are used to describe the atmospheric inhomogeneities. Naturally, the results obtained 
in such papers can only be a very rough and purely qualitative description of the properties of 
wave propagation in the atmosphere. 

In the present monograph we try to give a general treatment of the theory of scattering of 
electromagnetic and acoustic waves and of the theory of parameter fluctuations of short waves 
propagating in a turbulent atmosphere. We take as our starting point the Kolmogorov theory of 
locally isotropic turbulence, which gives a sufficiently good description of the turbulent 
atmosphere. In Part I we give a brief exposition of some topics from the theory of random 
fields and turbulence theory which are necessary to understand what follows. There we give 
special attention to the representation of random fields by using generalized spectral expan- 
Sions. Spectral representations are very appropriate both for formally solving many problems 
in the theory of wave propagation in a turbulent medium and for interpreting these problems 
physically. 

Part II is devoted to the scattering of electromagnetic waves (Chapter 4) and acoustic 
waves (Chapter 5) by turbulent atmospheric inhomogeneities. The radio scattering theories of 
Booker and Gordon, Villars and Weisskopf, and Silverman are studied from a general point of 
view, as being different special cases which follow from a general formula. In Part III we 
consider amplitude and phase fluctuations of short waves propagating in a turbulent atmosphere, 
first fluctuations of a plane wave (Chapters 6 and 7), then amplitude and phase fluctuations 
of a plane wave in a medium with a smoothly varying "intensity" of turbulence (Chapter 8), and 
finally fluctuations of a spherical wave (Chapter 9). In Part IV we present some results of 
experimental studies of atmospheric turbulence (Chapter 10) and the results of experiments on 
the propagation of sound and light in the layer of the atmosphere near the earth. The results 
of observations of twinkling and quivering of stellar images in telescopes and the interpreta- 
tion of these results are given in Chapter 13. In presenting experimental material we give 
the corresponding theoretical considerations. 

Some problems which have much in common with the foregoing have not been considered’ in 
this book. Foremost among these is the question of radio scattering by the turbulent iono- 
sphere, despite the fact that the mechanism for this effect has very much in common with that 


for radio scattering in the troposphere. We did not think it possible to go into the specific 


viil 


details which would have to be considered in studying this phenomenon. We have also not 


included in this monograph the interesting problem of radiation of sound by a turbulent flow, 


considered in the papers of Lighthtll. 


I wish to express my deep gratitude to A.M. Obukhov and A.M. Yaglom for the help they 


gave me while I was writing this book. 
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Wave Propagation in a Turbulent Medium 


Part I 
SOME TOPICS FROM THE THEORY OF RANDOM FIELDS 


AND TURBULENCE THEORY 


Introductory Remarks 


The index of refraction of the atmosphere for electromagnetic waves is a function of the 
temperature and humidity of the air. Similarly, the velocity of sound in the atmosphere is a 
function of the temperature, wind velocity and humidity. Therefore, in studying microfluctua- 
tions of the refractive index of electromagnetic and acoustic waves in the atmosphere, we must 
first of all explain the basic laws governing the structure of meteorological fields like the 
temperature, humidity and wind velocity fields. 

For us the most important fact about the atmosphere is that it is usually in a state of 
turbulent motion. The values of the wind velocity at every point of space undergo irregular 
fluctuations; similarly, the values of the wind velocity taken at different spatial points at 


the same instant of time also differ from one another in a random fashion. What has been said 


|| 
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Fig. 1 Simultaneous record of temperature and wind velocity. 


a 


applies as well to all other meteorological quantities, in particular to temperature and humid- 
ity. In Fig. 1 we give as an example a sample of the record of the instantaneous values of the 
wind velocity and the temperature at one point, obtained by using a low inertia measuring 
device. We see that both of these quantities undergo irregular oscillations, which differ in 
amplitude and frequency and are superimposed in a random manner. It is natural that statis- 
tical methods are used to describe the laws characterizing the structure of such fluctuating 


quantities. 


Chapter 1 


METHODS FOR STATISTICAL DESCRIPTION OF CONTINUOUS RANDOM FIELDS [a] 
1.1 Stationary random functions 


The curves shown in Fig. 1 serve as examples of realizations of random functions. The 
value of any such function f(t) at a fixed instant of time is a random variable, i.e. can 
assume a set of different values, where there exists a definite probability F(t,f,) that 


f(t) <f But to completely specify the random function f(t) it is not enough to know only 


1° 
the probability F(t,f, ); one must also know all possible multidimensional probability distri- 


butions, i.e. all the probabilities 


P(t, to, e--rstys fl ,fo.---5f = (1.1) 


1 


= P[z(t,) < f1,f(t,) < f5,++,f(ty) < fy] 


‘thet the inequalities f(t,) < fy, f(t.) < f -+0,f(ty) < f, hold simultaneously for all pos- 


Oo? 


‘sible N and tyrtorerertys Piotorecest However, in the applications it is usually difficult 


N° 
‘to determine all the functions (1.1). Therefore in practice, instead of the distribution 
‘function (1.1), one ordinarily uses much more "meager" (but much simpler) characteristics of 
ishe random field. Of these statistical characteristics of the random function f(t), which 


| are widely used in practice, the most important and simplest is the mean value f(t) [b]. 


iThe next simplest and very important characteristic of the function is its correlation func- 


; tion B.(t,,t,) [c]. 


Ba(t,,t,) = [f(t,) - f(t,) J] [£*(t,) - £*(t,) ]- (1.2) 
| 
it is clear that the relation B(t, »t,) = B(t,,t, ) holds for real functions f. The correla- 
{ 


ion function vanishes when the quantities f(t,) ~ £(t,) and f(t.) - f(t,) are statistically 


| 
independent, i.e., when the fluctuations of the quantity f(t) at the times t, and t, are not 


elated to each other. In this case the mean value of the product in the right hand side of 


(1.2) factors into the product of the quantities 


f(t, ) ~ f(t, ) 5) f(t) 7 £*(t,) 3 


each of which equals zero. Thus, the correlation function B,(t,,t characterizes the mutual 


>) 
relation between the fluctuations of the quantity f(t) at different instants of time. In 


analogy to the correlation function B,(t ty); one can also construct more complicated charac 


el 1’ 


teristics of the random field f(t), for example, the quantities 


By = [ete) - ae] | e+) - AD] +. ety |. 


However, we shall use only the mean value f(t) and the correlation function B,(t,,t,)- 
The mean value of a function can be a constant or can change with time (for example, as 
the wind gradually increases, the mean value of the wind velocity u(r, t) at any point r 


increases ). Similarly, the correlation function B,(t,,t can either depend only on the "dis- 


>) 
tance" between the times t and bo (in which case the statistical relation between the fluc- 
tuations of the quantity f at different instants of time does not change in the course of 
time) or else it can depend also on the positions of these points on the time axis. A random 


function f(t) is called stationary [a] if its mean value f(t) does not depend on the time and 


if its correlation function B,(t,,t,) depends only on the difference ty - Co» i.e. if 


f(t) = const, Belt, st.) = B,(t, ~ t.) = B,(t, ~ t,). (1.3) 
It is easy to show that B,(t) satisfies the condition |B.(t)| < B,(0). We shall always 
assume below that the mean value of a stationary random function f(t) is zero [e] . 

For stationary random functions f(t) there exist expansions similar to the expansions of 
non-random functions in Fourier integrals, namely a stationary random function can be repre- 
sented in the form of a stochastic (random) Fourier-Stieltjes integral with random complex 
amplitudes ag(w) [1]: 


io ¢) 


e(t) = f ett ae(w). (1.4) 


-0 


Using the expansion (1.4) we can obtain an expansion of the correlation function B(t, - t,) 
of the stationary random function f(t) in the form of a Fourier integral. In fact, substitu- 


ting the expansion (1.4) in the left hand side of (1.2), we obtain 


BA(t, - t,) = £(t. )£*(t,) ptt.) = f [f exp[i(w,t,-@,t,)] dp(w, )ap*(a,). 


Since in the stationary case the correlation function must depend only on the difference 


t, - ty, the quantity do(w,)ap*(w,) must have the following form [f]: 


40(a, )a9*(@,) = 8(a,- w,)W(c, Jaw, den, (1.5) 


where, obviously, W(m) >0O. From this it follows that [g| 


[ee] 


BA(t,- t,) = f exp[io(t,- t,)] W(w) dw, (1.6) 


0 


i.e., the functions B,(T) and W(w) are Fourier transforms of each other. ‘Thus, the Fourier 
transform of a correlation function B(T) must be nonnegative; if it is negative at even one 
point, this means that the function Bp(t) cannot be the correlation function of any statianary 
random function f(t). Khinchin [6] showed that the converse assertion is also true: if the 
Fourier transform of the function B,(T) is nonnegative, then there exists a stationary random 
function f(t) with B,(T) as its correlation function. This fact, which we shall use below, 
makes it easy to construct examples of correlation functions. When the specified conditions 
are met, the non-random function W(w) is called the spectral density of the stationary random 
function f(t). 

We now explain the physical meaning of the spectral density. For example, let f(t) 
represent a current flowing through a unit resistance. Then [e(t)]* is the instantaneous 
power dissipated in this resistance, and the mean value of this power is [#(t)]* = B,(0). 


Using Eq. (1.6), we obtain 


2(+) | 


— 
x 
& 
P 


Thus, in this case W(w) represents the spectral density of the power, so that in the litera- 
ture of radiophysics this function is often called the noise power spectrum. In the case 
where f(t) is the magnitude of the velocity vector of a fluid, W(w) represents the spectral 
density of the energy of a unit mass of fluid, so that in the literature of turbulence theory 
this function is often called the spectral density of the energy distribution. 

We now give some examples of correlation functions and their spectral densities. 


a) The correlation function 
2 
B(t) = a°exp(-|t/t,|) (1.7) 


is often used in the applications. The coiresponding spectral density is easily found to be 


1 ff -iwr 2 a7 
W(w) = a f ete exp(-|t/t.| dt = SS - . (1.8) 
™ a x(1 + w wT) 


Here W(w) >0, so that the function a“exp(-|t/t,|) can actually be the correlation function of 
a stationary random process. 


b) The correlation function 
2 _ \2 
B(1) = e°exp [-a(t/t,)*| (1.9) 


corresponds to the spectral density 


W(w) = 2 exp(- on *), (1.10) 


ec) To the spectral density 


aT(v +45) om 1 
W(w) = ————— T > 0, v>-s; (1.11) 
Vx P(v) aoV+s 
. (1 +@ 7) 
fe) 
corresponds the correlation function 
aX t\" T 2 
a(t) = —2—— (£) x (by), +>0, (0) - 6°), (1.12) 
vel T vit 
2 Tv) ‘o O 


where K (x) is the Bessel function of the second kind of imaginary argument. This correlation 
function is also used in some applications. 
In Fig. 2 we show how the correlation functions (1.7), (1-9) and (1.12) depend on t/t; 


and in Fig. 4 we show the corresponding spectral densities. 
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Fig. 2 The correlation functions 
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Fig. 43% The spectral densities of the 
correlation functions of Fig. e. 


The time TO required for an appreciable decrease in the correlation function, for 
example, the time in which B(t) falls to 0.5 or 0.1 of the value B(O), is called the correla- 
tion time. As can be seen from the examples considered, the quantity TT is related to the 
"width" w, of the spectrum (i.e. to the frequency at which the spectral density W(w) falls off 


appreciably) by the relation wot, “i. 
i.2 Random functions with stationary increments 


Actual random processes can very often be described with sufficient accuracy by using 


stationary random functions. An example of such a process is the fluctuating voltage appear- 


ing across a resistance in a state of thermodynamic equilibrium with the surrounding mediun. 
However, the opposite case can also occur, where the random processes cannot be regarded as 
Stationary. As an example of such a process in radiophysics we cite the phase fluctuations 
of a vacuum tube oscillator [7] - Such examples also occur very often in meteorology. For 
example, as already noted, as the strength of the wind gradually increases, the mean value of 
the velocity at any point increases, so that in this case the wind velocity is not a station- 
ary random function. The mean values of other meteorological variables of the atmosphere, 
e.g-., temperature, pressure and humidity, also undergo comparatively slow and smooth changes. 
In analyzing these variables the same difficulty continually arises, i.e., which changes of 
the function f(t) are to be regarded as changes of the mean value and which are to be regarded 
as slow fluctuations? Such characteristics of a random function as the mean square fluctua- 
tion, the correlation time, the shape of the correlation function B(t) and of the spectral 
density W(w), very often depend to a considerable extent on the answer to this question. 

To avoid this difficulty and to describe random functions which are more general than 
stationary random functions, in turbulence theory one uses instead of correlation functions 
(1.2) the so-called structure functions, first introduced in the papers of Kolmogorov [8,9]. 


The basic idea behind this method consists of the following. In the case where f(t) repre- 


sents a non-stationary random function, i.e., where f(t) changes in the course of time, we can 
consider instead of f(t) the difference F(t) = f(t + t) - f(t). For values of t which are 
not too large, slow changes in the function f(t) do not affect the value of this difference, 
and it can be a stationary random function of time, at least approximately. In the case where 
F(t) is a stationary random function, the function f(t) is called a random function with 
stationary first increments, or simply a random function with stationary increments [h] . 


If we use the algebraic identity 
1 as 2 2 2 
(a - b)(c - d) = sl(a ~ a)“+ (b - c)*- (a = c)*- (b - a), 
then we can represent the correlation function of the increments in the following form: 
BL (t t.) = F(t.)F(t,) =< [e(t.+ 1) - £(t,)]* + 
F‘ 1’ 2 t 1’ t* 2 2 1 2 


me ner 


+e [e(t,) - f(4,+ «)]* -s [f(t,+ 1) - £(t,+ «)]* - 5 [f(t,) - £(t,)]°. 


Thus Ba(t,,t,) is expressed as a linear combination of the functions 
2 
Do(t, >t.) = [e(+,) - £(t,)] . (1.13) 


The function (1.13) of the arguments t, and t,, where t, and t, take the values t_+ T, t 


J 1 1?’ € 


t,t tT, is called the structure function of the random process. In order for Balt, >t.) to 


depend only on t,- t,, it is sufficient that Dp(t, >t depend only on this difference, i.e., 


1 2) 


that the relation Dp(t, >t D(t.- t,,) holds. 


2) = Delty- t,) 
The structure function D(t) = [f(t + 7) - f(t)]* is the basic characteristic of a random 
process with stationary increments. Roughly speaking, the value of D,(t) characterizes the 
intensity of those fluctuations of f(t) with periods which are smaller than or comparable with 
Tt. Of course, the function D,() can also be constructed for ordinary stationary functions, 


which are a special case of functions with stationary increments. If f(t) is a stationary ran- 


dom function with mean value 0, then 


Dp(t) = [e(t +) - 2(y]> = [ee + th]° + [ety]? - ar(t + x)2(t). 


It follows from the stationarity of f(t) that 


[e(+)]* = [f(t + «)]* = B,(0). 


Thus, for a stationary process 
D(t) = 2[B,(0) --B,(1)]. (1.14) 


In the case where B (2) = 0 (and in practice this condition is almost always met), we have 
D -() = 2B (0) - This relation allows us to express the correlation function B,(t) in terms of 


the structure function D,(t), i.e. 
_i _i ' 


Thus, in the case of stationary random processes, the structure functions D,(t) can be used 


along with the correlation functions, and in some cases their use is even more appropriate li]. 
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As we have already seen, the expansion 


B,(T) = f ef OT(w) aw = f cos(wt)W(w) dw (1.6) 


is valid for the correlation function of a stationary random process. From this we can obtain 
a similar expansion for the corresponding structure function. Indeed, substituting (1.6) in 


(1.14), we obtain 


D.(t) = 2 [ (1 - cos wt)W(w)au. (1.15) 


It turns out that the same expansion is also valid for the structure function of the general 
random function with stationary increments, the only difference being that the spectral den- 
sity W(w) can now have a singularity at the origin (in this regard see below). 

Just as a stationary random function can be represented as a stochastic Fourier-Stieltjes 


integral 


oo 


f(t) = f e* ap(o), (1.4) 


—00 


a random function with stationary increments can be represented in the form 


fee) 


s(t) = (0) + f (1 - e*)ap(a), (1.36) 


-00 


where f(0) is a random variable, and the amplitudes d(w) obey the condition 


ap (w, Jap*(w,) = 6(w,- @)W(o, )den, den, « (1.17) 
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Substituting the expansion (1.16) in the right hand side of (1.13) and using the relation 


(1.17), we obtain 


- iw.t iw.t ~iw,t -iw.t. ———___ 
12 LL 29D Phat 
~ ff (eo tReet Ne FF 2? Ba@(w, Jag*w,) - 


wo 


= 2 f [1 - cos w(t,- t,)]W(w)dw. (1.15') 


—00 


Thus, the expansion (1.15) for the structure function of a stationary random process is also 
valid for a random process with stationary increments. Since the spectral density W(w) which 
figures in (1.15) signifies the average spectral density of the power (or energy) of the fluc- 
tuations, it is natural to assume that the spectral density W(w) figuring in (1.15') for pro- 
cesses with stationary increments has the same physical meaning. We note that for convergence 


of the integral (1.6) it is necessary that the integral 


ao 


[ Ww) dw 


—cO 


exist, i.e., that the power of the fluctuations be finite. On the other hand the integral 
(1.15) also converges when W(w) has a singularity at zero of the form w ”~ (a <3), i.e., when 
the low frequency components of the fluctuation spectrum have infinite "energy" [3]. 

We now consider some examples. 

a) We construct the structure function of the stationary random process considered in 


example c) on page 7. Using the formula D,(t) = 2[B,.(0) - B(t)], we obtain 


12 


For t << 1, we can use the first two terms of the series expansion of the function K (x) [k]. 


After some simple calculations we obtain 


2Ml-v),t ev 
(s—) 5) 


Dt) = 26° Ra 


ev 
i.e. D(t) t 


For t~ t the growth of the function Dt) Slows down, and it approaches 
the constant 2a”, The spectral density corresponding to D,(t) is the same as in the example 
on page /. 
-(pt1) ¥ ets 
b) Consider the spectral density W(w) = Alw| , (A >0, O<p< 2). Substituting 
this function in Eq. (1.15) and carrying out the integration [2], we obtain 


D(z) = ——2A a, 


sin el + p) 
Thus to the structure function 
ep 
D,(t) =e t (O0<p< 2) 


corresponds the spectral function 


W (w) = PO +p) sin a oP |u| CPHL) | 


With v = p/2 and 


the structure function considered in the preceding example coincides with the structure func~ 
tion eX > for t <<1t_. The spectra of these structure functions coincide in the region 
fe) 
wr >>1. Fig. 4 shows the structure functions of examples a) and b), and Fig. 5 shows their 
O 


spectra. 
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Fig. 5 The spectral densities of the 
structure functions of Fig. 4. 
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t/To 


1.4 Homogeneous and isotropic random fields 


We turn now to random functions of three variables (random fields). The concept of a ran- 
dom field is completely analogous to the concept of a random process. Examples of random 
fields are the wind velocity field in the turbulent atmosphere (a vector random field compri- 
sing three random velocity components), and the (scalar) fields of temperature, humidity and 
dielectric constant. For a random field f(r) we can also define the mean value f(r) and the 


correlation function 


$c 


BA(Ty >To) = [f(z ) - f(r, )] [f(z,) - f(r,)]. (1.18) 


In the case of random fields the concept of stationarity generalizes to the concept of homo- 
geneity. A random field is called homogeneous if its mean value is constant and if its corre- 
lation function does not change when the pair of points ry and Py are both displaced by the 


same amount in the same direction, i.e. if 


f(r) = const, Bp(T)»T,) = BCT, +0, T+ ro). 


Choosing r, = - rin the last formula, we find that BA(T Fp) = BAT, - Pos O) in a homogene- 


2 
ous field, i.e., the correlation function of a homogeneous random field depends only on F,~ To, 


so that Bp(Fy Pp) = B,(T,- YF): A homogeneous random field is called isotropic if BAT) 
depends only on r= lr], i.e. only on the distance between the observation points. Of course, 
a homogeneous field may also not be isotropic; for example, the field with correlation func- 


tion of the form 
BA(r4- r,) = Bela(x,- x,,) + B(y,- Y>) + 7 (z,- Z5)] 5 


is homogeneous, but not isotropic. 


If in a homogeneous and isotropic field we single out any straight line and consider the 
values of the field only along this line, then as a result we obtain a random function of one 


variable x, to which we can apply all the results pertaining to stationary random functions. 
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In particular, we can expand the correlation function as a Fourier integral. 


oo 


B(x) = [ cos (Kx) V(K)dk. (1.19) 


-0& 


However it is more natural to use three-dimensional expansions. A homogeneous random field 


can be represented in the form of a three-dimensional stochastic Fourier-Stieltjes integral: 


f(r) = ify elk T dp( Ky sKysKz)- (1.20) 


Here the amplitudes dg(X) satisfy the relation [m| 


dp(K, )ap*(K,,) = B(K, - Ko) O(K, )ak,ak,,, (1.21) 


where ((k) 20. Substituting this expansion in the formula 


BAT, - rp) = nal exp[ik:(r,- £)]O(K)ak. (1.22) 


> > aad ~~» 
= B(r.- r 


D 1» so that the formula can also be written in the form 


ve) 
7) 
“™~ 
KB 
| 


2) = f f f cos (Kr) OK) ak. (1.23) 
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The function O(k) can be expressed in terms of B(r): 


O(k) = on LT cos (k-P)B.(¥)dr. (1.24) 


Thus, the functions B,(r) and (x) are Fourier transforms of each other. 
If the random field f(r) is isotropic, the function B,(r) depends only on [x]. Then in 


the integral (1.24) we can introduce spherical coordinates and carry out the angular integra- 


tions. As a result we obtain the expression 


co 


Gm) = AS [ a,(x)sin (ex)ar, (1.25) 


on K 


where K = |x|. Thus, in an isotropic random field the spectral density §(«) is a function 
of only one variable, the magnitude of the vector kK. This allows us to simplify the expres- 
sion (1.24) in the case of an isotropic field. Introducing spherical coordinates in the space 


of the vector « and carrying out the angular integrations, we obtain the relation 


00 


Bp(r) => f KO(K) sin (kr)dk. (1.26) 


O 


It should be noted that the three-dimensional spectral density (Kk) of an isotropic random 


Pield is related to the one-dimensional spectral density V(K) by the simple relation 


Bkee-g Me , (1.27) 


which can be obtained by substituting (1.19) in the right hand side of (1.25) [n]. 


We now give some examples of spatial correlation functions and their spectra: 


(1.28) 


1’ 


Using the results of example a) on page 6 and the fact that the expansion (1.19) is completely 


analogous to the expansion (1.6) for a stationary random process, we can write down immediately 


the one-dimensional spectral density V(x): 


2 
ar 


V(k) = = 


x(1 + Kr”) 
O 
We use Eq. (1.27) to determine Q(x): 


aor 
WH.) = ——2,. 


2 Ce 
n (l+kK r.) 


b) Similarly, for the correlation function 


B(r) = e° exp| 2] 


we obtain 


eo Ce 
ar Kr 
V(k) : erp|- “22 


and 
go. wl 8 
(k) = exp|- —,—|- 
Br Vx 
c) Finally, for the correlation function 
a“ r\” r 
a(r) = —28— (2) (2), r>o, 
2 In(y) re) fe) 
we have 
aT(yv + =) ry 
V(K) = 
Jn P(v) vt 
22 2 
(l+k«r_) 
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(1.29) 


(1.30) 


(1.31) 


(1.32) 


(1.33) 


(1.34) 


and 


Hx) T(v + 2) a 2 
K) = TEP (y) ve 3 ‘ (1.35) 


1.4 Locally homogeneous and isotropic random fields 


It should be noted that it is a very rough approximation to regard actual meteorological 
fields as homogeneous and isotropic random fields. Atmospheric turbulence always contains 
large scale components which usually destroy the homogeneity and isotropy of the fields of the 
meteorological variables; moreover, these components cause the meteorological fields to be 
non-stationary. Thus, there is a close relation between the non-stationarity, inhomogeneity 
and anisotropy of the meteorological field of an atmospheric variable; basically they are due 
to the same causes. Therefore, in analyzing the spatial structure of meteorological fields 
(and some others) it is again appropriate to apply the method of structure functions. In 
fact, the difference between the values of the field f(r) at two points r and r,, is chiefly 


affected only by inhomogeneities of the field f with dimensions which do not exceed the dis- 


tance lr, - r,|- If this distance is not too large, the largest inhomogeneities have no 


effect on f(r, ) ~ £(x,) and therefore the structure function 


» => > > 2 
DATy Fo) = [f(r,) - f(r.) (1.36) 
can depend only on r - Py. At the same time, the value of the correlation function BAT st) 


is affected by inhomogeneities of all scales, so that for the same values Yr, and Tr, the 
function Bp(Ty>T5) can depend on each of the arguments separately and not just on the differ- 
> > > 
ence r)-r,- Thus, we arrive at the concept of local homogeneity [8]. The random field f(r) 
is called locally homogeneous in the region G if the distribution functions of the random vari- 


able f(r) - f(r.) are invariant with respect to shifts of the pair of points r,,r,,, as long as 
these points are located in the region G. Thus, the mean value f(r, ) - e(r,) and the struc- 


ture function (1.36) of a locally homogemeous random field depend only on r,- r,: 
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> > - ~ => e 
D(r, - r,) = [f(r, ) - f(r) . (1.37) 
A locally homogeneous random field is called locally isotropic in the region G if the distri- 


bution functions of the quantity f(r, ) - f(x) are invariant with respect to rotations and 


mirror reflections of the vector ry - Pos as long as the points ry and ry are located in G [8] . 


The structure function of a locally isotropic random field depends only on [F.- ro|t 
Dr) = [f(r + ry - f(r, }* = D,(r). (1.38) 


A locally homogeneous random field f(r) can be represented in a form similar to (1.16): 


e() = t(0) + iy (1 - ef) ag(Z). (1.39) 


Here f(0) is a random variable, and the random amplitudes dp(k) satisfy the relation 


dO(K, )a9*(K,,) = Ky) OK, ) )dk, dks (1.40) 


where O(K) 2 0 is the spectral density of the random field f. Substituting the expansion 


(1.39) in Eq. (1.37) and using the relation (1.40), we obtain 


D.(f) = 2 fy (1 - cos K F)O(k) ae. (1.421) 


In the case where the field f is locally isotropic, D(r) = D,(r) and O(k) = Q(x). In this 


case 


D(x) = 8x f (2 - PRE) F(K) Pan. (1.42) 
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It should be noted that the integral (1.42) also converges in the case where Q(x) has a singu- 
larity at zero of the type Kk (1 <5), which corresponds to the case where the large-scale 
components of the turbulence have infinite energy [j]. 

We can also examine a locally isotropic field along any line in space. The corresponding 
expansion of the field f has a form similar to the expansion of a random function with sta- 
tionary increments. In this case the expansion of the structure function is similar to Eq. 
(1.15): 


oo 


Dr) = 2 f (1 - cos Kr) V(«)dk. (1.43) 


=00 


The functions $(x) and V(x) are connected by the same relation as in the case of an isotropic 


random field: 


1 av 


=-=—- =. 1.4) 

(x) Dee ak (1.44) 
In addition to the expansions (1.39) and (1.42) of a locally isotropic random field and 

its structure function as three-dimensional Fourier integrals, we shall also use two-dimen- 


sional expansions in the plane x = const: 


[ee] 


f(x,y,z) = f(x,0,0) “fp - exp[i (ky + «2 )} dY(K5Kx9X). (1.45) 


=—00 


Here f(x,0,0) is a random function and V(KysK ae) obeys the relation 


AV( Ky 5K sx)dV*(KS,K),x") = 


y y) 


= 8(K,- Ka) o(Kz- KS)F( Kos Kas [X - x" | dk dk dK nds. (1.46) 


ol 


Consider the difference of the values of f(x,y,z) at two points of the plane x = const. Using 


the expansion (1.45) we obtain 


f(x,y,z) - f(x,y',z') = Pf serrltesr + kz") ] - exp|i(k,y + ce] Gb (K 59K 35%). 


=O 


We calculate the correlation function of two such differences taken in the planes x and x': 


_ PLL [yobs + Kz") | - exp[i(k.y + «32 fom Lttagy + Kyz")] - 
- exp [-i («Ly + c32)]| AW Kas Kas X)AV*(K 5, KZ sx"). 


Using Eq. (1-46), we obtain 


= 2 ff . - cos[k(y - y') + K(z - 1, x 


x F( Ks Kay |X - x' | )axndk,. (1.47) 


Clearly, correlation between the difference f(x,y,z) - f(x,y',z') and f(x',y,z) - f(x',y',2') 
is produced only by those inhomogeneities with scales exceeding the distance | x - x" | between 


the planes, i.e. £ 2 |x - x'|. Since the wave number K « 2x/£ corresponds to the scale t , 
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correlation between these differences is caused only by that part of the spectrum for which 


the wave numbers obey the condition k|x - x'| <1. Consequently, the function F(K,5K x-x'|), 


5 
which is the spectral density of the quantity 


[f( x,y,z) - f(x,y',z')] [P(x',y,2z) - f(x',y',z')], 
falls off rapidly for x|x - x'| >1. Using the algebraic identity 
1 2 2 2 2 
(a-b)(c - da) = sl(a - ad)" + (b-c) - (a-c) - (d- a)“], 


we can express the left hand side of Eq. (1.47) in terms of the structure function of the 


field f, with the result that the formula takes the following form: 


D(x -x', y-y', z2-2') - D(x - x', 0,0) = 


cos [k(y -y') + K3(2 - 2*)}) x 


= 
oS 


x F( Kos Kz, |X - x" | dk dk, (1.48) 


Setting x=x', y-y'=n,2-2' = € , we obtain 


D(0,n,6) = 2 ia [1 - cos(K,n + KO) F(K5sK 5,0) aK pak, (1.49) 


t.e., the function F(K5»Kz30) is the two-dimensional spectral density of the quantity 


Dp(0,n, 6). In the case of local isotropy in the plane x = const, F(K 5) Kz» |x|) depends only 


on K = KS + Ks and then [o] 
D(P) = Use f [1 - J (Ke) | F(K, 0) Kax ' (1.50) 
fe) 
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Here p° = no + ¢* and F(K53Kz30) = B( KS + Ke , ©). In the case where the field f(r) is 
homogeneous and isotropic in the plane x = const, its correlation function in this plane can 


be expressed in terms of F(x,0) by using the formula 


B(e) = Ont [ J (Ke )F(K,0)Kdk. (1.51) 
Oo 


The function F(x,x) of a locally isotropic random field can be expressed in terms of its 
three-dimensional spectral density 9(«x). Substituting the expansion (1.41) in the left hand 


side of (1.48) and using the evenness of the function (K, Kos Ks) in K., we obtain the rela- 


1? 
tion 


F( Kos K 35x) = [ cos(k, x) (Ky Kos Kz) AK; « (1.52) 


Inverting this Fourter integral, we find 


co 


(Ky sKp9Ks) = = [ B(K5)K 59x) c0s(K,x) dx. (1.53) 


-0 


We now consider some examples of structure functions. 


a) The structure function of a homogeneous and isotropic random field can be expressed 


in terms of its correlation function by using the formula 


Dr) = 2B,(0) - 2B,(r). (1.54) 


Setting (see example c on page 18) 


ek 


here, we obtain 


y) aa) 
r(v + =<) ar 
O(k) = c ° . 
n (xT(v) yee 
(l+kr_) e 
Forr<r 
O 
Ov 
2 Ml-v),r 
Do(r)~ 2a Ri, ar) ? 
i.e, 
Ov 
Dr) ~r. 


b) Consider the structure function 


D(r) = omy? (O<p< 2). 


eh 


(1.55) 


(1.35) 


(1.56) 


The one-dimensional spectral density corresponding to this function (see example b on page 13) 


is 


V(K) = Mp t+ 1) sin ~ e@ oie + 2), 


On 


We use the relation (1.44) to find the three-dimensional spectral density 9(xk): 


1 av Mlpt+ 2?) ... np 2 -(p + 3) 
O(k) = - Be aK = -_ sin “- cK . 


2) 


(1.57) 


(1.58) 


We also calculate the two-dimensional spectral density F(x,x) corresponding to the structure 
2 
function c“r?. Substituting the expression (1.58) in the right hand side of Eq. (1.52) and 


carrying out the integration, we obtain [P| 


2 
F(k,x) = Ss sin xP oF r(1 + P) 3 ° (1.59) 


Since for z >> l, K (2) ~ Jx/2z e ”, for Kx >> 1 the function (1.59) rapidly approaches zero, 
which corresponds to the abovementioned property of the function F(K,x). 


For 


the structure function of the preceding example coincides with the structure function oy? for 


r<<r.. The spectra of these functions agree for kr, >>1 (see Fig. 3). 
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Chapter <2 
THE MICROSTRUCTURE OF TURBULENT FLOW 
Introductory Remarks 

In what follows we shall repeatedly need basic information about the statistical proper- 
ties of developed turbulent flow. The statistical theory of turbulence, which was initiated 
##: the papers of Friedmann and Keller, has undergone great development in the last two decades. 
A very important advance was achieved in the year 1941, when Kolmogorov and Obukhov established 
the laws which characterize the basic properties of the microstructure of turbulent flow at 
very large Reynolds numbers; some years later certain foreign scientists (Onsager, von Weiz- 
saécker, Heisenberg) arrived at the same results. In this chapter we present only those results 
of the Kolmogorov theory which are most important for our purposes, and refer to the original 


sources [8,9,11-16] for more detailed information. 


eel Onset and development of turbulence 


Consider an initially laminar flow of a viscous fluid. This flow can be characterized by 
the values of the kinematic viscosity v, the characteristic velocity scale v and the charac- 
teristic length L. The quantity L characterizes the dimensions of the flow as a whole, and 
arises from the boundary conditions of the fluid dynamics problem. The laminar flow of the 
fluid is stable only in the case where the Reynolds number Re = vL/v does not exceed a certain 
eritical value Re wy As the number Re is increased (e.g. by increasing the velocity of the 
flow) the motion becomes unstable. This stability criterion can be explained by the following 
simple considerations. 

Suppose that for some reason or other a velocity fluctuation v> occurs in a region of 
size 2 of the basic laminar flow. The characteristic period T = t/v} which corresponds to 
this fluctuation specifies the order of magnitude of the time required for the occurrence of 
the fluctuation. The energy (per unit mass) of the given fluctuation is vie. Thus, when the 


velocity fluctuation under consideration occurs, the amount of energy per unit time which goes 


over from the initial flow to the fluctuational motion is equal in order of magnitude to 
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vie/a ~ vi?/te On the other hand, the local velocity gradients of our fluctuation are given 
by the ratio vi /es and therefore the energy dissipated as heat per unit mass of the fluid per 
unit time is of the order of magnitude ¢€ = wh e/ee. If the velocity fluctuation which arises 


is to exist, it is clearly necessary that the inequality vi?/t > wy so /0% hold, i.e. 


vi?/t tv! 


wi e/2° v t 


Since all these calculations are accurate only to within undetermined numerical factors, it 


would be more correct to write the relation we have just obtained in the form Re, > Re 


£ r’ 
Here Re, denotes the "inner" Reynolds number corresponding to fluctuations of size tl, and 

Re .~ is some fixed number which cannot be determined precisely. These considerations show 
that, generally speaking, large perturbations, corresponding to large values of the number 
Re); are most easily excited. But if the condition vL/v > Rey is not met for the flow as a 


whole, then the laminar motion is stable. 


Let us assume that as the number Re is gradually increased the laminar motion loses sta- 
bility and there occur velocity fluctuations vo with geometric dimensions l. If the initial 
number Re = vL/v was only a little larger than Re ..? then the fluctuations which arise have 
small velocities and Re, = vy t/v < Re i.e., the velocity fluctuations which occur are 
Stable. As Re = vL/v is increased further, the velocities of the fluctuations which occur 
increase and their inner Reynolds number Re, may exceed the critical value. This means that 
the “first order" velocity fluctuations which arise lose stability themselves and can transfer 
energy to new "second order" fluctuations. As the number Re is increased further the "second 
order" fluctuations become unstable, and so on. 

Let the geometrical dimensions of the smallest fluctuations which occur be ae and let 
their velocities be Vo° For all the velocity fluctuations with sizes tot. the inner number 
Re, is large (exceeds Re ,.)* It follows from this that their direct energy dissipation is 
small compared to the energy which they receive from larger perturbations; thus, these fluc- 
tuations transfer almost all the energy they receive to smaller perturbations. Consequently, 
the quantity vile, which represents the energy per unit mass received per unit time by eddies 
of the n'th order from eddies of the (n-1)'th order and transferred by them to eddies of the 


(n+1)'th order, is constant for perturbations of almost all sizes (with the exception 
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of the very smallest). In the smallest velocity perturbations with sizes to? this energy is 
converted into heat. The rate of dissipation of energy into heat is determined by the local 
velocity gradients in these smallest perturbations, i.e. is of order envy /t®, Thus, for 


velocity fluctuations of all scales, except the very smallest, we have vir/t ~ € and 
1 
vi ~ (et) [3 (2.1) 


i.e., the size of the fluctuational energy belonging to perturbations with sizes of the order 
£ is proportional to V3, Moreover, for all scales the size of these fluctuations depends 
only on one parameter, the energy dissipation rate e. 

We now calculate the dimension t, of the smallest inhomogeneities. For them the rela- 


2 
1/3 and vve/4e ~é€ hold. Solving this system of equations, we find that 


\ 
| y? 4 
6” e ) vO” Vve e (2.2) 


The quantity a can also be expressed in terms of the dimensions of the largest eddies L, 


tions v. ~ (et) 


which are comparable with the dimension of the flow as a whole. Since ve /L ~ €, then substi- 


tuting this expression for ¢ in Eq. (2.2) we obtain 


{ ~ L ’ Vi~ “L . 2.3) 
© (Re) 3 Oo” (Re) 


Thus, the larger the Reynolds number of the flow as a whole, the smaller the size of the 
velocity inhomogeneities which can arise. 
The considerations given above are essentially only of a qualitative nature, but they can 


be used as the basis for constructing a more rigorous theory. 


2.2 Structure functions of the velocity field 


in developed turbulent flow 


The largest eddies which arise as a result of the instability of the basic flow are of 


course not isotropic, since they are influenced by the special geometric properties of the 


eg 


flow. However these special properties no longer influence the eddies of sufficiently high 
order, and therefore there are good grounds for considering the latter to be isotropic. Since 


eddies with dimensions much larger than [F,- ¥,| do not influence the two point velocity dif- 


> 


ference V(7,) - v(r then for values of [r,- 7 which are not very large, this difference 


eo)» | 
will depend only on isotropic eddies. Thus, we arrive at the scheme of a locally isotropic 
random field. Since the field V(r) is a vector field, it is characterized by a set of nine 


structure functions (instead of by one structure function) composed of the different components 


of the vector v: 
— ~ t - t 
D546) = (v, vy) Cy, v,)° (2.4) 


Here i,k = 1,2,3, the v, are the components with respect to the x,y,z axes of the velocity 


i 


v and the v5 are the components of the velocity at the point Tr! = 3+ Fr. 


It follows from the local isotropy of the velocity field that D; (r) has the form (see 


e.g. [14,15,16]) 


vector at the point r 


k 


D,(*) =[D_.(r) - D,,(r)n,a, + Di Ss45 (2.5) 


where Soy = 1 fori=k, 5, = O for i 4 k, and the n, are the components of the unit vector 


k 


directed along r. D = (v_- vt)®, where V, is the projection of the velocity at the point 


i 


ry along the direction of Tr, and v.. is the same quantity at the point r! =T, +33 
Di. = (v, - vi)®, where v, is the projection of the velocity at the point Tr, along some direc- 
tion perpendicular to the vector r, and vy is the same quantity at the point r!. Dd. is called 


the longitudinal structure function and D + the transverse structure function of the velocity 


t 
field. In the case where the velocities v are small compared to the velocity of sound, the 
motion of the fluid can be regarded as incompressible. In this case div v=0. It follows 


from this relation that the tensor D, .(f) satisfies the condition 


where we sum from 1 to 3 with respect to repeated indices. Substituting from Eq. (2.5), we 
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{ 
\ 


| 
| 


ae 


find that 


Dir)! (2.6) 


Thus, the tensor D,, is determined by the single function Dit) (or D.(r)). For values of r 
which are not very large, the form of the function D (2) can be established by using the 
quelitative considerations developed above. 

Let r be large compared to the inner scale t. of the turbulence (i.e. compared to the 
size of the smallest eddies) and small compared with the outer scale L of the turbulence (i.e. 
compared to the size of the largest, anisotropic eddies). Then the velocity difference at the 


> 


points Tr, end Tt = 1) + ris mainly due to eddies with dimensions comparable to r. As 


explained above, the only parameter which characterizes such eddies is the energy dissipation 
rate ¢€. Thus, we can assert that Dh) is a function only of r and e, i.e. D() = F(r,¢€). 
But the only combination of the quantities r and e with the dimensions of velocity squared is 


2/3 


the quantity (er) » and it is impossible to construct dimensionless combinations of these 


quantities. Thus, we arrive at the conclusion that Dr is proportional to (er) 2/3 i.e. 


Dr) = cer)*/? (1 <r <2), (2.7) 


where C is a dimensionless constant of order unity [a]. 


We can arrive at the same conclusion by starting with Eq. (2.1). In fact, 


pr) = [vy (@, + ®) - v(4,)]° 


1/3 


2 
is mainly due to eddies with sizes r, i.e. DAT) ~v- But by (2.1) v. (er) '~, whence we 


again arrive at (2.7). Eq. (2.7) was first obtained by Kolmogorov and Obukhov [8,11] ana 


‘bears the name of the "two-thirds law’. Using the relation (2.6) we can also obtain the quan- 


tity D,,(r): 


D, (7) = o(er)*/F (4 xr <td). (2.8) 
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We now consider the value of the structure functions for r << toe In this case the 
changes of velocity occur smoothly, since now the relative motions are laminar. The velocity 
difference v (Py) - v(x, +r) can therefore be expanded as a series of powers of the quantity 
r. Retaining only the first non-vanishing term of the expansion, we obtain 


> - 
= G-Ys; 


where a is a constant vector. From this we find that 


forr< to where a is some constant. The quantity a can be related to the quantities v and 


é by a more careful argument (see e.g. [8,14]). It turns out that 
(r< us). (2.9) 


It follows from (2.6) that in this case 


C2 € 2 
D,,(r) =a 77 (r << Lo). (2.10) 
Thus 
ceo! 32/3 (for r >> aE 
DLT) - 
le 2 
iat (for r << uo) 
(2.11) 
* oe2/3,,2/3 (for r >> Lode 
Deg(r) = 
eo € 2 
pyr (forr << t.). 


In Eqs. (2.11) it is assumed that r << L, where L is the outer scale of the turbulence. Fur- 
ther hypotheses are needed to determine the form of the functions Dr and D, + for intermediate 
values of the argument r (see [12] and [13]). 
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When r is increased, the condition r << L is violated. Then the large eddies, which can- 
not be regarded as isotropic and homogeneous, begin to influence the value of v(F1)- v(FytP) « 


In this case, the structure functions Dr and D,_, depend on the coordinates of both observa- 


tt 
tion points, and no universal law can be given which describes the structure functions for 
large values of r. We can only state that the growth of the structure functions D ait) and 
D,4{r) slows down for r >>L [b]. Fig. 6 shows the general shape of the function Deyit) + For 
small values of r, the curve can be replaced by a parabola with great accuracy, then the part 
of the curve corresponding to the "two-thirds law" begins, and finally, in the region of the 
outer scale of the turbulence, the curve starts to "saturate". The dashed parts of the curve 
show the asymptotic behavior of the function D i) forr<<t andr >>4 . To make more 


precise the definition of to the inner scale of the turbulence, we shall call the inner scale 


of the turbulence that value of r for which the functions ex” /15v and oe2/ 32/3 intersect, i.e. 


: (2.12) 
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Fig. 6 General shape of the structure function Dayit)* 


(L_ is the outer scale and 4 the inner scale of the turbulence. ) 
O 
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In many applications of turbulence theory an important role is played by the isotropic 
eddies described by the structure functions (2.11). In these cases, it is often expedient to 
regard the values of rin Eqs. (2.11) as not being bounded above by the value L. This is 
almost always the case in the problems considered in this book. However, if we cannot neglect 
the " saturation’ of the structure function, it is necessary to use interpolation formulas which 
approximately describe the behavior of the structure function for large values of r. For small 
values of r these formulas must reduce to the same values of Dr as given in the expression 


(2.11). One of the functions satisfying the stipulated requirements is the function 


Dp 2) ~ 


WIPO 


—z 2/3 1/3 
7 Oi ease a9 


proposed by von Kaérmdgn. Here vt" 4s the mean square velocity fluctuation and L, is the outer 
scale of the turbulence. As shown in example a) on page 12, forr< L, the function (2.13) is 


approximately equal to 


Dwi 2) ~ ar(7 7 2/3 r ; (2.14) 


i.e. coincides forr «KL, with the "two-thirds law". We can also write down other functions 


satisfying the same requirements. 


2.5 Spectrum of the velocity field in turbulent flow 


We now study the spectrum of turbulence. As shown in Chapter 1, the structure function 


D,(r) of a locally isotropic scalar field can be represented in the form 


D,(7) = 2 ry [1 - cos(k-r)]O(K) dk. 


Similarly, the structure tensor Ds?) can be represented in the form 


D,.(F) = 2 [/ [1 - cos(K'r) | g, .(K)ak, (2.15) 


where §,,,(«) is the spectral tensor of the velocity field. The form of this tensor can be 
determined from the incompressibility equation and the local isotropy condition, i.e., the ten- 


sor 9, ,,.(«) can be expressed in terms of the vector kK and the unit tensor Soy [16] as 
$,.(«) = G(k)k,K, + E(k)8,,5 (2.16) 


where G(k) and E(x) are scalar functions of a single argument, the magnitude of the vector Ke 


It follows from the incompressibility equation that 


(see page 30). Taking the divergence of Eq. (2.15), we obtain 


fy sin(k-r)k, §.,(k)ak = 0. 


Thus the condition x, G, . («) = 0 must be met. Substituting Eq. (2.16) into this condition, 


eC 
we get KK + EK, = O, whence G= - B/k . Consequently we have 


kk k 
9446) = (85, - F)E(K). (2.17) 
K 


Thus, Eq. (2.15) takes the form 


K 


.K _ 
AF) E(k)aK. (2.18) 
K 


D,(F) = 2 rf [1 - cos (k-r)](8,, - 


D 


To explain the physical meaning of the function E(x) let us assume temporarily that the 
velocity field is isotropic and that the correlation tensor B, (7) exists as well as the struc- 


ture tensor D, (4). Then we have 


K 


a KK > 
B, (7) = Lf cos(K-F)(8,, - 2 X)B(k) di. 


We contract this expression with respect to the indices i and k. Taking into account that 


2 . 
Oo. = 3 and KK, = Ky we obtain 


B, (2) = iy cos (<2) 2E(K)ax. 


Setting r = 0 in this equation, we get 


“ ye = [f [row 


Thus, the quantity E(k) is the spectral density in three-dimensional wave vector space of the 


distribution of the energy of the velocity fluctuations. 


We now find the form of the function E(K) corresponding to the "two-thirds law". To do 


this we contract the expression (2.18) with respect to the indices i and k 


D, (2) = Sf - cos(K-r) ]E(K) ak. (2.19) 


It follows from (2.5) that 
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Setting 


we obtain 
4 oe 2/3,2/3 - 4 fife - cos(K.r) |E(K)dk. 


Comparing this expression with Eqs. (1.56) and (1.58) in example b) on page 25, we find that 


E(k) = nee! 3,7 U/3, (2.20) 
where 
1r(§) sin = 
A = ——2 ¢ = 0.061C. 
Obi ~ 


Many papers on turbulence theory use the one-dimensional spectral expansion of the quantity 


D_, with respect to the magnitude of the vector K, ive. 


Dlr) = 2 fo - cos(xr) |E,(K)dk, (2.21) 


instead of the three-dimensional spectral expansion of the structure tensor (2.18). Using 


Eqs. (1.56) and (1.57) of example b) on page 25, we obtain 


B,(k) = ae! 79/3, (2.22) 
where 
r(2) sin = 
_ py) 2 
A ; 
at 


The spectral energy densities (2.20) and (2.22) correspond to the struction func- 


tion Dr = oe 2/3,,2/3 and do not reflect the fact that the structure functions DA) and 


aT 


D,4(r) have a parabolic character forr << o because of the smoothing action of the viscous 
forces. As we have already seen above, the action of these forces is apparent from the fact 
that eddies with sizes of the order of v are stable. Thus, in a turbulent flow there are no 
inhomogeneities with sizes much smaller than toe This means that the spectral density E(k) 
rapidly dies off to zero when K % en/t.. The character of this cutoff is related to the form 
of the structure function DAT) in the transition region from r << t. to r >> ts and at pre- 
sent has not yet been ascertained exactly. The spectral density (2.20) goes to infinity at 
K=0Q. This is related to the fact that the structure function D- = O¢2/ 32/3 goes to infin- 
ity at r=™, [In all actual cases, of course, Dh?) <o and the growth of the spectral den- 


sity E(k) fork <k,, slows down (the quantity k ~ 2n/L, corresponds to the outer scale of 


min 


the turbulence). The form of the function E(x) for k < Kain 


concrete conditions which determine the formation of the largest eddies, and therefore it can- 


obviously has to depend on the 


not be universal [c]. 
As an example of a spectral density E(k) which is finite for kK = 0, we can give the 
spectrum of the von Karman function (2.13). Instead of the rather formidable expression for 


E(k) we give here the relatively simple formula for Ej (x): 


——aeee 


D 

L v' 
E.(k) = _2(5/6) c . 2,23 
a 3 Ja T(1/3) (1+ Kr, *)7/° (2.25) 


For kK = 0, E, is finite and for KL, >> 1, E(k) ~ od! 3 i.e. coincides with the spectral den- 


1 
sity BS («) corresponding to the “two-thirds law’. 

Numerous experimental investigations of the form of structure functions in the atmosphere 
(mainly in the layer of the atmosphere near the earth), where the Reynolds numbers are very 
large [a], give good confirmation of the “two-thirds law for distances of the order of centi- 
meters and meters [17]. These experiments also allow the constant C figuring in (2.11) to be 
rather accurately determined. Some as yet rather sparse measurements of the structure func- 
tion in the lower troposphere also agree with this law for distances of the order of tens of 
meters [18] . One can arrive at a similar conclusion by analyzing the spectrum of airplane 
buffeting [19]. 


We defer a more detailed presentation of the results of experimental investigation of 
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the structure of the wind in the atmosphere until Part IV. We turn now to the microstructure 


of the concentration of a passive additive in a turbulent flow. 
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Chapter 3 
MICROSTRUCTURE OF THE CONCENTRATION OF A CONSERVATIVE 


PASSIVE ADDITIVE IN A TURBULENT FLOW 


4.1 Turbulent mixing of conservative passive additives 


As already noted above, the microstructure of the refractive index of the atmosphere is 
determined by the structure of the temperature, humidity and wind velocity fields. The tem- 
perature, humidity and some other characteristics of the atmosphere can very often be regarded 
approximately (to a high degree of accuracy) as conservative passive additives. 

If a volume of air is characterized by a concentration § of additive, then by saying that 
the additive is conservative we mean that the quantity § does not change when the volume ele- 
ment is shifted about in space. By the additive being passive is meant that the quantity $9 
does not affect the dynamical regime of the turbulence [a]. The problem of the microstructure 
of the concentration of a conservative passive additive was first considered by Obukhov and 
Yaglom [21,22] for the case of the temperature field. 

We shall start from the equation of molecular diffusion 

ol) 
att div(- D grad $) = 0, (3.1) 
which must be obeyed by the concentration $ of a passive conservative additive. Here D is the 


molecular diffusion coefficient of the additive and 


ag 


08 > 
ae = det Vrerad 8 


is the total time derivative taken along the moving parcel of air. We shall assume that the 


air can be regarded as incompressible, i.e. that div v= 0. In this case 


¥-egrad 3 = div(vd), 


LO 


and Eq. (3.1) takes the form 


oe + div(V8 - D grad 9) = 0, 
or 
ons) ) 
ot + 3x, (74 - D a) = 0. (3.2) 


As usual, we separate the value of the quantity § into the mean value 9 and the departure 3! 


from the mean value, i.e. 8 = 38+ 9!. Similarly, we set V5 =v, + Vie Averaging Eq. (3.2), 


we obtain 


= 0. (3.3) 


The expression in parentheses represents the mean density of flow of the quantity 8. The quan- 
tity qe = - D grad 3 represents the mean flow of 9 caused by molecular diffusion. The quan- 
tity a, =v is connected with the transport of § by the mean velocity of the flow; it is 
usually constant and drops out of the equation. Finally, the quantity q,, = v's! represents 

| the density of turbulent flow of 5. It is natural to assume that qn is proportional to the 


gradient of the mean concentration [b], 1.e. 
an = - K grad 9. (3.4) 


The quantity K is called the coefficient of turbulent diffusion and usually exceeds the coef- 
ficient of molecular diffusion by several orders of magnitude. Of course, the value of K 
‘depends on the intensity of the turbulence. 

It should be remarked that there is an essential difference between the mechanisms of 
}molecular and turbulent diffusion, which the following example clarifies. Let the mean value 
3 depend only on one coordinate z, say. Assume for definiteness that 9 increases as z in- 

creases. Consider the values of 8 at two different levels 24 and Z5° Because of the turbu- 


lent mixing, parcels of air from the level Zo will arrive at the level Zo and conversely 


parcels of air from the level Z4 will arrive at the level Zee Thus, at each of these levels 
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parcels of air characterized by the value 9 (z,) appear next to parcels of air characterized 
by the value 9 (z,). As a result, the mean concentrations taken over each level change in 
Such a way that the difference between them decreases, while the "variegation" of the values 
of $8 at each level is greatly increased. Thus, as a result of turbulent mixing the inhomo- 
geneity of the spatial distribution of 8 is increased and large "local" gradients of 9 are 
created. Only after large local gradients of $ have appeared does the process of molecular 
diffusion play a significant role by smoothing out the spatial distribution of 9%. 

The inhomogeneity of the spatial distribution of $ can be characterized quantitatively 


by the following measure of inhomogeneity in the volume V;: 


c= 3 / 0 av, 8 =9- 9. (3.5) 
V 


Clearly G = O only when 8' = 0 in the whole volume V. Subtracting Eq. (3.2) from Eq. (3.3), 


we obtain an equation which determines 09'/dt: 


33! ee ee 
sx + ox, (72° + v,9 - v,9 - D ox,” = QO. (3.6) 


Multiplying this equation by $' and using the obvious relations [c] 


ns) 1) _ at. O08! Ol 432 ol 12 
8 3x, (V1 )=3 i X, i ox (5 st) = ox, (2 v,3 ); 
Oe, aH 3). dst 3 30! 391, ° 
Bg E8) = EP ee 8 oD a) = S'S) = MS) » 
we obtain 
2 2 


—_> 
vo' 


ya 


t > _ . 
2. 2 + div ( - D $' grad $') + 8'v'. grad 9 + D(grad 3')* 8' div(v'8') = 0. 


4e 


Averaging this equation and using the fact that 


e) 
8" ge fyi8") = 0, 
L 


we have 
-) eee 
od 9 > ——_______ = 
<== + ar(2¥ oa grad ) + 9'v- grad § + 


+ D (grad gt) = 0. (3.7) 
We now integrate (4.7) over the volume V. ‘The integral of the divergence can be transformed 


into a surface integral, which is small compared to the volume integrals. Neglecting the sur- 


face integral, we find 


Ot t 2 
2 + f v, 3" oe + (ee) av = 0. (3.8) 
i i 
V 


> 


Substituting into (3.8) the value of the quantity v'd = dn from Eq. (3.4), we obtain 
ee = f (ered 5)° ~ D( grad olan = 0. (3.9) 
V 


Thus, the amount G of inhomogeneity increases due to the presence of turbulent mixing ("turbu- 
lent flow") of the substance in question and decreases due to the presence of the process of 
molecular diffusion. In the stationary case, dG/dt = O and both processes mst balance each 


other: 


f K( grad 5)° av = | P(erea gt)’ av. (3.10) 
V V 


If the inhomogeneity measure is stationary not only for the volume as a whole but for its 
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separate parts as well, then Eq. (43.10) can be written in the form 


K(graa 5)° = D(grad at)’, (3.11) 


The quantity 


N = D(grad gt)* 


represents the amount of inhomogeneity which disappears per unit time due to molecular diffu- 
sion; this quantity is analogous to the energy dissipation rate e€. The quantity K(graa 3)* 
represents the amount of inhomogeneity which appears per unit time due to the turbulence, and 
is similar to v?/%, the rate of production of the energy of the fluctuations. We can carry 
out an even more detailed analogy between the velocity fluctuations in a turbulent flow and 


the concentration fluctuations of a conservative passive additive %. 


3-2 Structure functions and spectral functions 


of the field of a conservative passive additive in a turbulent flow 


Concentration inhomogeneities 9%) with geometrical dimensions 4 appear as a result of the 
action of velocity field perturbations with dimensions 4 and characteristic velocities Vy: 
The amount of inhomogeneity appearing per unit time is clearly equal to v 91/2 (t/v, is the 
time of formation of the velocity fluctuation Vy and 91° is the measure of inhomogeneity). 
According to the second term on the right of Eq. (3.9), the rate of levelling out of the inho- 
mogeneity 9) is of the order pero /e*, In the case where v,9}°/2 >> 9p/e* or ty, /D >> 1, the 
inhomogeneity 9%, which appears is not dissipated by the action of molecular diffusion, but 
rather has a stable existence and can subsequently subdivide into smaller eddies. This pro- 
cess of subdivision proceeds until inhomogeneities appear for which v oe /t ~ Dap /ty or 


t 1 


"1"e, ~ D. These inhomogeneities are dissipated by the process of molecular diffusion. It 
follows from Eq. (%.10) that G, the amount of inhomogeneity appearing per unit time due to 

the largest eddies, is equal to N, the rate at which the inhomogeneity is levelled out in the 
smallest eddies. Thus, the amount of inhomogeneity transferred per unit time from the largest 
to the smallest eddies is constant and is equal to the rate N at which the inhomogeneity is 
dissipated. Consequently, for inhomogeneities with tv, >>D (i.e. for all inhomogeneities 


4h 


except the very smallest) the relation v, oi /2 ~N holds, whence, since Vv, ~ (er)2/3, we obtain 


re is: (3.12) 


The size of the smallest inhomogeneities in the distribution of $ is defined by the relation 


L.v, ~D, whence, since v, ~ (eg 1/3 ste obtain 
1 2 t 1 


1 
1/4 
3 
Ls (2) (3.13) 


The quantity tv ,/D, which determines the "stability" of inhomogeneities 7} with dimen- 
Sions ¢, is analogous to the Reynolis number which determines the Stability of velocity per- 
turbations. Since the values of D are near v, the numbers tv, /v and tv, /D are always of the 


same order. (For air v = 0.15 om“/sec the coefficient of temperature conductivity 


2 
D, = 0-19 cm /sec, the diffusion coefficient for atmospheric water vapor is D, = 0-20 em“/sec, 


the diffusion coefficient for atmospheric CO, is Dao = 0.14 em”/sec, etc.) Thus, the range 


yas 
of sizes within which the relations v,~ (ce)t/3 and 93° ~ W2/3 72/5 hold,are always the same. 


| The size of the smallest eddies and the size t of the smallest inhomogeneities in the distri- 
bution of $ have the same order of magnitude, i.e. (v? ent y3/4 ~ (D? enh) 3/*, Because of 
this, we shall henceforth make no distinction between these quantities. 
A more rigorous theory can be constructed on the basis of the above qualitative consider- 
| ations. The largest inhomogeneities in the distribution of 8 originate from the largest 
sddies and are not isotropic. However the smallest inhomogeneities in the distribution of 9 
ean be considered isotropic. Since the difference of the values of 9 at two points r, andr 


1 2 


lis determined mainly by inhomogeneities of sizes yr 


1° Pol, then in the case where 


Ea - P| << L the quantity 8(r,) - 8(r,) can be considered statistically isotropic. Thus, 
fo) 
(a(r) is a locally isotropic random field. For the range of values LG << r- Lo| << L., the 
jstructure function 
D.(J%, - Z}) = [a(z.) - a(Z,)1° (3.14) 
9 1 2 1 oO’ 
epends on r = EA - rol, N and the quantity e€ characterizing the turbulence, i.e. 
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D (vr) = F(N, e, r). Dimensional considerations lead to the formula [21] 


2 N 2/3 
D (1) =a 73 r (2. <r << L)); (3.15) 
where a is a numerical constant. The expression (3.15), which corresponds to Eq. (3.12) and 
is derived on the basis of qualitative considerations, was first obtained in the paper of 
Obukhov [21] and is called the "two-thirds law" for the concentration of a conservative passiv 
additive. For r<<t ,the difference ar, +r) - (7) is a smooth function of r and can be 


expanded in a series beginning with the first power of r. Consequently, D(r) ~ r for 


r<<£.. More detailed considerations lead to the formula [21] 


TIA 


ro (r<«t). (3.16) 


We now make more precise the definition of a for inhomogeneities in the distribution of 
S. We shall assume that the quantity to is defined as the point of intersection of the asymp- 


totic expansions (3.15) and (3.16), i.e. 


6.3 
2 
t= \/ 21a 0” . (3.17) 


Thus, the structure function D(r) can be represented in the form 


on p2/3 forr >UL, 
9 fe) 
D(x) = (3.18) 
/3 (2° 
2 4ef r 
Cy Le (7) forr << too 
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where 
cf ee N 


end 4 is defined by Eq. (3.17). 


According to the general formula (1.39), a locally isotropic random field can be repre- 


sented in the form of a stochastic integral 


8(#) = a(0) + fff (1 - Fan (zy, (3.20) 


where the random amplitudes do(x) satisfy the relation 


dg(K, )ag*(K,) = 8(K, - Ky) O.(k,) dk, dk, . (3.21) 


The function 9 (x) is the spectral density of the structure function D,(r), i.e. 


D.(#) = 2 fe - cos RFE (R) ae (3.22) 


The expression (3.22) can also be written in the form 


co 


D(z) = 8x | (1 - $28 XE)G,(«) «ax : (5.23) 


O 


The funetion 9 (x) is the spectral density in the three-dimensional space of wave numbers 
Ky» Kos Kz of the distribution of the amount of inhomogeneity in a unit volume. The form of 


this function corresponding to the "two-thirds law" for the concentration %, was given in 
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example b) on page 25, i.e. 


8 zt 
C(S) sin s 
3 3.2 -11/3 
Oy(«) = TE 8 
and 
O,(«) = 0.043 oR c/3, (3.24) 


However, we note that for r << a the structure function D gf r) behaves quadratically, corre- 
Sponding to a rapid decrease of O4(«) for K > 1/t. (see page 38). At present, the exact cut- 
off law of OC) for K ~*~ 1/2, has not yet been ascertained exactly. In some calculations we 
shall use a function 0,(«) which vanishes for K >K,. Of course, such a definition of Oy(«) 
is not rigorously founded, but is recommended by its simplicity; it simply means that a cer- 


tain interpolation formula has been chosen for D,(r). Thus we shall assume that 


0.033 cS co it/3 for K <K,, 
§6(x) = (3.25) 


@) fork >kK_. 
m 


The quantity K, can be related to the quantity a defined in Eq. (4.17). Substituting the 


function (3.25) in the expression (3.23), we obtain 


K 
m 


Dg(=) = 8x(0.033)Cy [ (2 - SR) TS 2a, (3.26) 
O 


For K,r>>1 the integral (3.26) is practically the same as the function (3.15). For Ke << 


2 


K 
m 
2) a) 
D(x) = 8x (0.035) Cy | zr ae 
O 


2 gl 22, 


dk = 8x(0.043)C 


21 
86 
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. . yal 
Comparing this expression with the formula D g(r) = oh 2/5( 22, we obtain the relation between 
O 


K and & ; 
m 0 
_ ~3/4 
K nig = (0-033m) = 5.48, (3.27) 


: = an N el/3 


to be calculated in terms of data on the mean value profiles of the wind velocity and concen- 


The expression C can be transformed into a form which permits this quantity 


tration 8. To do this we have to use the relation 


K(graa 9)° = D(grad gt)e = N, 


which expresses the quantity N in terms of characteristics of the mean profile of 8 <A simi- 


lar relation holds for the quantity 


2 
__ 2, ov, ; Ov. 
2 Ox, Ox, 
e (3.28) 


Here u, is the average value of the wind velocity. Substituting the expressions (4.28) and 


(3.11) into the formula for CS we obtain 


NO 
fo 
NO 


(3.29!) 


Ox, 
j 


All the quantities figuring in the right hand side of (3.29') can be obtained from observa- 
tions of the average atmospheric profiles of the wind, the temperature and the quantity 9. 


Methods of determining K from observations of wind and temperature profiles in the atmosphere 
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are described in [23-26]. It should be noted that a large amount of observational material 
is required to check the formulas recommended for calculation of K in the papers cited, but 
they do give the correct order of magnitude. 

Eq. (3.29') can be used to calculate the range of sizes within which the "two-thirds law" 
is valid. The mean square difference which the fluctuations produce in the difference of the 
values of 8 at two points grows like 2/3 (2 is the distance between the observation points). 
At the same time there exists between these two observation points a systematic difference in 
the values of $, equal to |grad 8|2 » with square Jared, 3| "2°. It is clear that for suffi- 
ciently small values of £, the fluctuational difference in the values of 98 is much larger than 
the systematic difference (since 52/3 is always >> x? for x << 1). Thus, over small distances 
the presence of a systematic difference in $ does not affect the size of the fluctuations and 
does not affect their homogeneity and isotropy. However, as the distance 4 is increased, the 
systematic difference in the values of 8 becomes larger than the fluctuational difference and 
for such scales the field of fluctuations of 9 cannot be considered locally isotropic. Let 


us designate by L the dimension for which the relation 
—.2 2 
0812/3 = (grad 9) L 


holds. Substituting Eq. (3.29') in this relation, we obtain 


; (3.30) 


We shall call the quantity L, = tan 2/2, which differs from L only by a numerical factor, the 
outer scale of the turbulence. In the free troposphere L, ranges from tens to hundreds of 


meters in order of magnitude [95]. In practice u = u(z), ie. 


—~\2 2 
ou, ou _ 2 
ox] 7 \ oe} = F 


L -/®. (3.31) 
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and then 


Jsing the quantity L,» we can write Eq. (3.29') in the following convenient form 


2 


MM —.2 
C= kL [3 (grad 9) 


(3.29"") 
Experimental investigations of concentration fluctuations of a conservative passive additive 

§ have been carried out mainly in the layer of the atmosphere near the earth (temperature 
fluctuations) and in the lower troposphere (fluctuations of the air's refractive index for 


centimeter radio waves). Measurements of the temperature fluctuations in the layer of the 


atmosphere near the earth have confirmed the "two-thirds law" as well as the dependence (3.29) 


if the quantity C, on the mean conditions, and have permitted determination of the numerical 


9 
onstant a figuring in (3.29') [e]. Measurements of the spectrum of the air's refractive 
ndex Pluctuations in the free troposphere also agree very well with the "two-thirds law", 


ccording to which the one-dimensional spectral density of the fluctuations is proportional 
ok? [95,96]. 


4.3 Locally isotropic turbulence with smoothly varying mean characteristics 


So far we have considered the case of locally homogeneous and isotropic turbulence, where 


the structure function 
> = »> > 2 
Dp(P,»Tp) = [f(x, ) - £(7,)] 


satisfies the condition 


rnside some region G with dimensions of the order of magnitude of the outer scale of turbu- 
: 2 2/3 


ence Lo° In the case where L << Pr, - fr, << Lo D,(r) = Cor . if we consider another 


region G' which also has dimensions of the order L, and which is separated from G by a dis- 
tance of order Lo» then the field f will also be locally homogeneous and isotropic in G'. 


[he structure function DAT, >t in the region G' will also be expressed by a "two-thirds 


>) 


2] 
lew’, but in general with another value of the constant C,. Thus, we can assume that the 


aL 


quantity om 


e is a smooth function of the coordinates, which changes appreciably only in dis- 


tances of order Lo: It is natural that ce should depend on the position of the center of mass 


R = = (Pr, + Py) of the two observation points. Thus, we arrive at the formula 


(3.32) 


ae 
nw) 
rf 
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Fh 
aim 
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The function ds) (x), which describes the local properties of the field f, is the same in all 
the regions G,G',... in which the turbulence differs only by its "intensity", characterized by 


the size of oS Just as we previously defined the spectral expansion 


DAT, - Py) = 2 ry a - cos [k-(F, - z,)} O,(k)ak (4.33) 


for points Ey belonging to the region G, we can also define a similar expansion in each of 


1 
the regions G,G',... by considering ce to be constant in each such region. Thus, we obtain 


the spectral expansion 


°° f +r 
> = > .=> > > e\ => 
Dp(rysPo) = 2 inal {2 - cos [2 (F, - hale 2a (3.34) 
where [f] 
r+r ro+r 
> e -) —- 
B, (® 43) = of 424) 0°. (3-35) 
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he functions $2 («) and Do) (F) are connected by the relation 


pio) (r) = fff E - cos K zg? ¢e dk. (3.36) 


hus, the relative spectral distribution of the fluctuations of the quantity f is identical in 
11 the regions G,G',... and is deseribed by the function G\°)(@) only the overall intensity 


f the fluctuations, expressed by the quantity [g] 


foe 


aries from region to region. As in Chapter 1 we can introduce the two-dimensional spectral 


ensity 


r+ 
Fe (<p Ky» |k - KI, —— , 


onnected with the functions Dp(r,r") and G.(K 
3 


> >, 
==) by relations similar to (1.48), (1.52) 


nd (1.53), i.e. 


[oo] 
> > > > 
eg) rtr')\ _ _ x! r+onr' 
PF, Kos Kas [K~K |, 3 ; _ [ 28 K(x x )$. KyoKosK x9 3 dK, - (5.37) 


In Eqs. (4.34) - (3.37) we neglect the difference between a(t %) at two nearby 
oints which are separated from each other by the distance Ty -T al << L., since this func- 
ion changes appreciably only when its argument changes by a quantity of order Loe) 

We now consider briefly the spectral expansion of the random field f(r) itself. For 


implicity we consider an example where there exists a correlation function of the fluctua- 


ions of f, of the form 


BAT Po -@(B% ") th - r,|). 


D2 


(Similar questions were considered by Silverman [92].) 


tic Fourler-Stieltjes integral [hl] 


Let £(r) be represented by a stochas- 


e(2) = [fy elk LT az) (3.38) 
where it is assumed that f = 0. Consider the expression 
23) aDEED hE - RENT awe 
Be(r,r ) = f(r)f*(r') = e dp(K) dop*(K!) (3.39) 
and introduce the coordinates p = r - r' and R = 3(t + 3 )}. Then we have 
> > > > > Ll, > 
Ker - K'ert = (K - K')R+ a(k + K'). 9 
and 
. oe H(KEKYZ 
Tepe i(e - #1)-R 1S) °° — SS 
f(r)f*(r') = e e dol k)dg*(k'). (4.40) 
By assumption 
e(v)f*(2") = 0°(B)b,(0) 
f f , 
whence it follows that aq(x)dg*(K') must have the form 
>. pe > > “ gt > > 
ao(e)age(K") = MCR - KGL LAL) ae ae, (3.41) 


2 


where obviously M(0O) 2 0 and O° (z) QO. 


ing out the change of variables, we obtain 
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Substituting this expression in (3.40) and carry- 


(3.42) 


Q 
rot 
ay 
W 
—, 
—, 
— 
=) 
x 
o, 
Rt 
bot 
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(3.43) 
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2 apt 2 - 
In the case where 0, = const, M(K - K') = O- 8(K ~ K') and Eq. (3.41) reduces to (3.21). As 
follows from (3.41), in the case of variable o°, correlation appears between the neighboring 


f? 
spectral components do(k) and ag*(x'), i.e. if |k - K'| < Lo) then [4] 


adk)ag(kK') #0. 


(It follows from (3.42) that the function M(K) differs appreciably from zero in an interval 


of order 1/L,s since o(R) changes appreciably in an interval of order L,*) 


3.4 Microstructure of the refractive index in a turbulent flow 


The refractive index n for radio waves in the centimeter range is a function of the 
absolute temperature T, the pressure p (in millibars) and the water vapor pressure e (in 


millibars), i.e. 


n= 1= 100 x DB (p 4 48008), (3.44) 


It is not hard to see that the quantities T and e figuring in this formula are not, strictly 
speaking,conservative additives. In fact, it is well known that when small parcels of air 
are displaced vertically their pressure undergoes a continuous equalization with the pressure 
of the surrounding air at the given height. The changes in pressure produce changes in tem- 


perature satisfying the equation of the adiabat 


22 


where 7 = c,/c,, is Poisson's constant. The quantity dp is related to the change in height by 
the barometric formula dp = -pgdz, where Pp is the density of the air and g is the accelera- 


tion due to gravity. Thus we have 


aT  Y¥-lo, y-lg 
T = yp = 7 Ro? 
and 
ar y-lg_ ie. 
az y Ro c., ~ a" (3.45) 


The quantity Yo = 0.98°/100 m is called the adiabatic temperature gradient (a rising parcel 
of air cools off 0.98° for every 100 m of elevation). Integrating Ea. (3.45), we obtain 


T + Ya = const. Consequently, when parcels of air are displaced vertically, the quantity 
H=T+7 2; (3-46) 


called in meteorology the potential temperature, preserves its value and may be regarded as 


a conservative additive. 


The water vapor pressure e which figures in Eq. (3.44) is also not a conservative quan- 


tity, since it depends on the pressure. It can be expressed in terms of the so-called specific 


humidity q, which represents the concentration of water vapor in the air (i.e. the ratio of the 


mass of water vapor to the mass of moist air in a unit volume), by using the approximate 


formula 


e = 1.62 pq. (3.47) 


The quantity q is a conservative additive. (It is assumed that while the moist air is being 
displaced there is no condensation of water vapor.) Replacing the quantities T and e in 


Eqe (3.44) by H - y 2 and 1.62 pq, we obtain the formula 
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(n - 1) x 10° “TS (1+ go yt) > (3.48) 


which expresses the refractive index in terms of the conservative passive additives H and q. 


The quantity N depends on z through p(z), H(z), q(z) as well as on z directly, ice. 


= N(z , p(z), H(z), a(z)). 


Suppose a parcel of air from the level Za characterized by the value 


2 
lent mixing. Since the quantities H(z) and q(z) do not change when the parcel is displaced, 


N, = N(z, p(z,), H(z, ), a(z,)), appears at the level z. as a result of the action of turbu- 


while the quantities z and p(z) take on the new values Zp and p(z,, ) at the level z,, the same 


o? 
parcel will be characterized at the level 2, by the value N} = N(z,, p(z,) ; H(z, ), a(z,)) 
The value of Ny differs from the "local" value of N at the level Zo by the quantity 

= N(z,, p(z,), H(z,), a(z,)) - 


» (ON aH, ON dq 


- N(Z,, p(z,); h(z,), a(z,.) ) OH az * 3q 77) 0%- 


Thus, the fluctuations of N which appear are not proportional to the "full" gradient n, but 


rather to the quantity 


-6 
79X10 p 15, 500g dH 7800 dq _ 
= 7 (l+ a) la 1 a 2 300g az = 
7 


-6 
ex oa a) lata Ls wd00g dz} ° (5049) 
T 


af 


The expression (3.49) has to be used to find the size of the fluctuations of the refractive 


index ne 


The structure function of the refractive index of the atmosphere can be represented by 


Eqs. (3.18), i.e. 


cf pel 3 for i< r<L, 


2 
2 ,2/4-4r 
Ci eo [) forr<t, (3.50) 


where the quantity C, is defined by the expressions (3.29) and (3.49), i.e. 


2 2 e M2 2 4/4 2 
CA = a ei M = a1! 2 ° (4.51) 
z) 


For the spectrum of the refractive index fluctuations we write the formula 
2 -11/3 
GO («) = 0.0330 k (Ko <K<K) (3.52) 


where Ki” 1/L, and Ly is the outer scale of the turbulence. The formulas given can be used 


to calculate the size of the refractive index fluctuations. 
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Part II 
SCATTERING OF ELECTROMAGNETIC AND ACOUSTIC WAVES 


IN THE TURBULENT ATMOSPHERE 


Chapter 4 
SCATTERING OF ELECTROMAGNETIC WAVES IN THE TURBULENT ATMOSPHERE 
Introductory remarks 

The problem of scattering of electromagnetic waves in the turbulent atmosphere has 
attracted considerable attention,since this phenomenon is related to long-range atmospheric 
propagation of short waves beyond the limits of the "radio horizon". We cannot linger here on 
all the numerous problems associated with the use of radio scattering for the purpose of long 
range commmication. Instead, we consider only theoretical aspects and try to indicate the 
physical content of the problem. 

The problem which we consider in this chapter can be formulated as follows. A plane 
monochromatic electromagnetic wave is incident on a volume V of a turbulent medium; because 
of turbulent mixing within the volume V, there appear irregular refractive index fluctuations, 
which scatter the incident electromagnetic wave. It is required to find the mean density of 
the energy scattered in a given direction. To solve the problem, we shall assume that the 
refractive index field within the volume V is a random function of the coordinates and does 
not depend on time. The time changes in n which actually occur will simply be regarded as 
changes in the different realizations of the random field n(r). Thus, we do not consider the 


problem of frequency fluctuations and change of the frequency spectrum of the scattered 


field [a]. 


4,1 Solution of Maxwell's equations 


We shall assume that the conductivity of the medium is zero and that the magnetic perme- 
ability is unity. Furthermore, we shall assume that the electromagnetic field under consider- 


ation has a time dependence given by the factor ett In this case Maxwell's equations take 


D9 


the following form: 


curl E = ikH, 


4 


curl H = - ikeE, (4.1) 


div cE = 0. 


Here k = w/c is the wave number of the electromagnetic wave, € is the dielectric constant (as 
already stated above, we regard e€ as time independent), and F and H are the amplitudes of the 
, > =1Wt > -Lwt 
electric and magnetic fields, so that the fields themselves are equal to Ee and He ; 
respectively. Taking the curl of the first of the equations (4.1) and using the second equa- 


tion, we have [| 


- AF + grad div F = kek. (4.2) 


Since 


we have 


div E = - E-grad log €. 


Using this equality and setting e€ = n°, we obtain 
> 2 a> 
AE + k°n°E + 2 grad(E-grad log n) = 0. (4.3) 


We assume that the fluctuations of the refractive index n are small, i.e. that [n - n| << 1. 


Let Ry denote the deviation of n from its mean value, so that n = n+n Since n is near 


1° 
unity, we shall henceforth assume that n = 1 (if necessary we can change k to kn in all the 


results). 


Substituting n= 1+ n_ in Eq. (4.4), we obtain 


1 


AE +k°E = - 2 grad(E+grad log(1 + n,)) - aca - Kons E. (4.4) 
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To solve Eq. (4.4), we can apply the method of small perturbations, whereby a solution is 


sought in the form of a series 


BE=E + 5H, + EA + .ee , 


where the k'th term of the series has the order of smallness ny. Substituting this series in 


(4.4) and equating to zero each group of terms of the same order of smallness, we obtain 


AE, +k E, = 0, (4.5) 
AE, +k°E, =~ 2°nE ~ 2 grad(E_ grad n.) 4.6) 
1 1= nz, er > rad n,). (4. 


In deriving Eq. (4.6), the quantity log(1 + n,) has to be expanded in a series of powers of 


nj, lee. log(1 +n) ~ n, - (n5/2) +... . The quantity E represents the amplitude of the 


D 
electric vector of the incident wave. Assuming that the incident wave is plane [ce], we set 


ES b= A exp(ik-r). The quantity E, represents the amplitude of the electric vector of the 


— — ~ > 
scattered wave. (The terms of the series EF = Eo + ES + E, + eee which come after Ey are 
neglected because of their smallness [4d] .) 


As is well known, the solution of the equation 


corresponding to outgoing waves is of the form 


. 1 + oiklr- cr 


V 


where r' is a variable vector ranging over the scattering volume V. We choose the origin of 
coordinates inside the scattering volume. If the observation point ris ata great distance 


from the scattering volume V as compared to the dimensions of V, then for all r’ the quantity 
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r - r'| is almost constant and close to r = |r| - In this case, the quantity r - r'| can be 


expanded in a series of powers of r'/r, i.e. 
> > >= 1 2 a i 
|r -r' =r-mrt +3 [r' -(mr')“] +... , 


where m = t/r is a unit vector directed from the origin of coordinates (chosen within the 


scattering volume) to the observation point. If the inequality 


zi - (mzt)*] <l, 


holds for all values of r', i.e. if the dimensions L of the scattering volume satisfy the 


condition Ar >> L°, then 
exp (|? - |) ~ exp fixe(r - m-r') . 


Moreover, in the denominator of Eq. (b) we can replace Fs - Tr by r. Thus, the formula 


is valid in the Fraunhofer zone. We use Eq. (c) to solve Eq. (4.6), obtaining 


e ikr >> >> 
> > ke >, 2  ik«r'-ikm-r! 
Ej (r) =.= f nj (r ) Ave av' + 
V 


otkr parae + tkmr' 
+ = f grad(e A> grad n,(r' )ye” ‘F'av'. (4.7) 
V 
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The second of the integrals figuring in (4.7) can be transformed by using Gauss' theorem: 


f seragat= [ ouai - | ogra wav’, 
V S 


v 


The surface integral vanishes, since the surface of integration can be moved beyond the 


limits of the volume V. Since 


then 
3 , _ _ 7-3, 
f grad(e iker A. grad n,(r')) e iim +r av' = 
V 
_ _ vot 7 
= ikm f (A,: grad nj (r')) eik:rictemer’ avr, 
V 
Consequently 
2 ikr ye). 
Bw ormy ke > 7, ai (k-km)- r ay? + 
E,( ) onr Ay f nj (r') 
V 
ikr > _ 7, 
ike > + +, i(k-km).r ay" 
ae f (A, grad ni(r \y e V 
y 
i ee (4.8) 
~ nr lo Onr “2? 
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where 


C2 
HH 
— 
on) 
cy 
4) 
me 
= 
By 
Ht 
oY, 
< 


> _ a —> om 
Cc, = f A .grad n_(r') ei (k kam)+ r av’. 
fe) 1 
V 


Both terms in the right hand side of (4.8) represent spherical waves whose amplitudes and 
phases depend on the refractive index fluctuations inside the volume V (through the random 


variables C, and C The second term is a longitudinal alternating electric field. Trans- 


1 9) 
forming the expression for Cy by using Gauss' theorem, we can show that the second term in 
(4.8) cancels the longitudinal component of the field contained in the first term, so that 
the scattered field is purely transverse [e]. Indeed, in calculating the flow of scattered 


energy we can simply ignore the second term in (4.8). 


4,2 The mean intensity of scattering 


To calculate the density of flow of the scattered energy § = (c/8x) Re (e x it) » ie. 
the average value of the density of energy flow during the period of one oscillation [f], we 


need the quantity H,, which can be found by using the first of the equations (4.1): 


_ k C ikr k Ci + ikr 
HS Dik curl A. = Dik A, xX grad = 
N 
2 2 ikr 
- k Cc) tkerk? etkr _ 7 . k Cie , = 
~ nik ro re mx Ay nr mx A (4.9) 


We have neglected the rapidly decreasing term elk? 1°, 


Substituting (4.8) and (4.9) into the 


formula for S, we obtain 
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4 4 
> ek > > ck > > => > >> 
S = C_C¥ A x (mx A_) = —~S5 C_C#(m (A_-A_) - A (m-A )). 4,10) 
30g nm 110 O 324 ye 1-1 O° O O O ( 


The density of energy flow in the direction m is equal to 


Ty 
ck C_C* axa? sin’ 
s= Sm = Se (ae - (mA )°) = a C_cy , (4.11) 


where X is the angle between the vectors A. and m. Substituting the expression for Ci, we 


find 


ok" AS ein’ sin [J a, (Ey) GC ras )(r,-7 >) 


S adv,dv,.- 
" 509 re Te 
The quantity S_ is random. Its mean value is equal to 
_ ck” AS sin°x 4(k-km)- (F, -r, 
Ss. ee GG Fy) n 1%, )e 2) ay av (4.12) 


On re 


Thus , Sa is expressed in terms of the spatial correlation function B (Fr ¥5) of the refractive 
index fluctuations. We assume temporarily that the field of refractive index fluctuations is 
homogeneous; later we shall extend our results to the case of locally homogeneous and iso- 


tropic fields. Then BP +P5) = Br, - F,) and the expression in the integrand of (4.12) 
depends only on the distance Yr, - Ty Introducing the change of variables r, - 5, =p, 


ry, + Py = Or in (4.12), we carry out the integration with respect to r, which gives as a 


result the volume V. Then the expression for St takes the form 


4 2 2. 
eck V A. sin X 5 sade). 
S = "5 f B (B) ot Lee km) °lay.,. (4.13) 
m Lr Sat 


V 
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We now use the expansion (1.22) of the correlation function as a Fourier integral: 


3 (8) = f f f cos(Ke8) G(K)a = f f [ ertk-e G(R)az (4.4) 


Substituting this expression in the integral 


I= =; f B (8) i ((K-km) °8] 4 ; 
8x 7 
we obtain 
I= II G (eae s f of | (ik-la-x) 8 av. (4.15) 
az, 8x7 


Let us examine the inner integral 


When the region of integration is infinite, the inner integral equals (2) = S(K ~kK+ in) 


and therefore I = G(x - km). In the case of a finite volume of integration the function 


has a sharp maximum in a region near the point X} = O and outside this region oscillates and 
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falls off rapidly [g], while 


rrr FQ) = | e@)av, = 1. 
~o V 


Moreover, since F(0) = v/(8x7), the function F(X) is appreciably different from zero in a 
region of wave vector space which has a volume of order Bn? Vs of course, in each concrete 
4 


case the shape of this volume and the behavior in it of the function F(x) depend on the 


dimensions and shape of the spatial volume V. Thus 


Hi 
I 


fy TQre - K+ mk ~ Jd] 1,@ 35 &- 


_ tf] / ame, 


where T represents the region of wave vector space with volume T = Bi? /V near the point 


K = k - km. Therefore 


(4.16) 


where O(k) is the mean value of the function 9(x) obtained by averaging it over the region 
of wave vector space of volume Bn? WW surrounding the point K} of course, this mean value 


Should not be confused with the statistical average. Substituting the expression (4.16) in 


Eq. (4.13), we obtain 


ok Vy ac sin’X “~ 


5-25 —_ 1, @ - i). 


(4.17) 
be n 
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if the function §(k) Goes not change much in ranging over the volume T = Si? /V, then 
~ > = > > 
- ~ - h 
§ (& - km) ~ O (x - km) ana [| 
oxy a sin’x ~ , 4.18 
Fal el - e ol 
Si 2 G(k - km) (4.18) 
r 
Using the expression (4.17), we can find the formula for the effective scattering cross sec- 
tion of the volume V. Denoting by o the effective cross section for scattering into the 


solid angle dn in the direction with unit vector Th, we obtain 


—- 2 
oar an h 2 = 4 > 
do = ——z- = Ok V sin X $x - km)dQ . (4.19) 
c A 
O 
Br 


It follows from this formule that scattering at the angle 9(cos 0 = k m/k) is determined 
only by a narrow portion of the turbulence spectrum near the point K = K - km. Thus, only a 
small group of spectral components of the turbulence participate in the scattering at a given 


angle 6; these components form a spatial diffraction grating of fixed spacing 2(@) which is 


determined by the relation 


3? (4.20) 


i.e., satisfies the well known Bragg condition. Te directions of the vectors kK - in, k and 
km are related by the "mirror reflection" condition (the "nodal planes" of the spatial aif- 
fraction grating are perpendicular to the vector kK - im). If the dimensions of the volume V 
are of order H, i.e. V = H? » then besides the spectral components of the turbulence corres- 
ponding to the spacing 4(@) = d/(2sin 2)» a part of the scattering at the angle 9 will be 


contributed by spectral components corresponding to nearby periods in the interval 
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about the point / (2sin 5) [1]. In every concrete case it is easy to evaluate the size of 
this interval, and its size is usually small compared with 4(@) (3 | - Therefore, we shall 
henceforth make no distinction between functions § (Kk) and 0, (é). 

Eq. (4.19) was obtained under the assumption that the field of refractive index fluctua-~ 
tions is homogeneous in the volume V. However, this result can also be extended to the case 
of locally homogeneous fields. In fact, since the effective cross section for scattering at a 
given angle really depends only on one "spectral component" of the refractive index inhomoge- 
neities, the remaining "spectral components” can be changed as one pleases; it is only impor- 
tant that the quantity Ome: - km) retain its value for given k and ml Consequently, we can 
also consider functions 6, (®) which have a singularity at the origin, i.e. which correspond 
to locally homogeneous random fields. Of course, in doing so we assume that we use Eqe (4.19) 
only for values of k - km for which [x - in| >> ant /L. (1, is the outer scale of the turbulence; 


see page 33), or [x] 


—~5<«L,. (4.21) 


4.3 Scattering by inhomogeneous turbulence 


We now consider the case where the turbulence is not homogeneous inside the scattering 


volume and its mean characteristics change smoothly [2]. The expression 


ac’ AP sin”x 1 (Reta) + (#,-¥5) 
O [/ B (r > 1 
n 


r_,r,) e avi av, ; (4.12) 


obtained above for the density of flow of the scattered energy, does not depend on the assump- 


tion that the field of the refractive index fluctuations is homogeneous and can therefore also 


be applied to this case. We use the formula 
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en D r, + Py . . 
= — - 022 
Bir rp) = 9, BA) b, (71 - Xp), (4-22) 


and introduce the coordinates R = (7, + ¥,) and p = Pr, - T,. Then Eq. (4.12) takes the form 
4 2 2 
ck° A’ sin X . . le >) > 
gs = —— i f o°(R)av fe (B) et L(k-kam) 3 | av. . (4.23) 
m 32m ee n R n p 


V V 


Using Eqs. (3.43) and (4.16), we can express the inner integral in this formula by 


ae: - km), where, as above, ~ denotes averaging over a volume 8? /V in wave number space. 


Then we have 


ck? AS sinx ~ 


en © (0) > 4 Oo, mM 
2 HOE) [cary (4.24 

V 

>> 2,2 (0) > 
or, introducing $(K,R) = o(R) $. (kK): 

ck A, Sin X ~ , +» > 

sa Te f \k-km, R) dV, (4.25) 
* V 


Eqs. (4.24) and (4.25) are the generalization of the expression (4.17) for the case of inhomo- 


geneous turbulence. 


4.4 Analysis of various scattering theories 


1. In one of the first papers devoted to the problem of the scattering of radio waves 


by atmospheric inhomogeneities (Booker and Gordon [27]), it was assumed that the correlation 


(0 


function of the refractive index inhomogeneities has the form 


— -|p/r 
B(e) = nie of (4.26) 


Of course, there is no serious justification for using this particular correletion function, 
and it is used only because it is convenient for doing calculations. As established in 
example a) on page 18 (Eq. (1.30) ), the spectral density $(«) corresponding to the function 


(4.26) has the form 
2.2 ° (4.27) 
5) 


Substituting here 2k sin 2 instead of K, we obtain 


sin a0 (4.28) 


for do(@). Eq. (4.28) is the basic result of the paper of Booker and Gordon, and has served 
for a long time as the starting point for numerous experimental investigations. In these 


investigations, the results of measurements of refractive index inhomogeneities were analysed 


2 
with the aim of determining the parameters ny 


(4.26); values of the order of 60 meters were usually obtained for the quantity r+ For the 


and ty figuring in the correlation function 


usual value of k and @, the quantity ekr sin 8 is much larger than unity. In this case 


A 
° 
n 
V 1 sin-X 
do(@) = Bo zr <7 5 dan , (4.29) 


2 


i.e., in the Booker-Gordon theory do(@) does not depend on the frequency and is determined 


by the single parameter nt / ry which characterizes the refractive index inhomogeneities of 


the atmosphere. 


71 


Tf we start from the basic formulas obtained in this chapter, it is not hard to show the 
fundamental defect of this series of papers. As we have already emphasized, the quantity 
do(@) is proportional to § (kz - km), i.e.,it is proportional to the "intensity" of the inhomo- 
geneities with sizes satisfying the Bragg condition. From this point of view, the most 
natural way to determine the function G(«) would be to measure it directly for the values of 
kK which may be of interest in the applications; these values of K usually correspond to 
inhomogeneities with sizes ranging from some tens of centimeters to some tens of meters. How- 
ever, in the Booker-Gordon theory and in the papers based on it, the value of the quantity 
G(x) corresponding to comparatively small inhomogeneity sizes is determined from the outer 


scale ro of the inhomogeneities and from the characteristic n’ of the refractive index fluc- 


tuations (which is also due to the most intense, large-scale inhomogeneities) by using the 
essentially arbitrary formula (4.27). We should also note that it is hopeless to evaluate 


—o, 


small-scale fluctuations of the refractive index by using the quantities ny and ry charac- 
terizing large scale inhomogeneities, for the additional reason that the inhomogeneities of 
the largest scale are always inhomogeneous and anisotropic, so that their relation to the 
small scale inhomogeneities cannot be universal and must change as the general meteorological 


conditions change. 


2. In some more recent papers [28], the expression 


nf r r 
B (r) = ———— (+)"k (+) 4.40 
nb? gv-t r(v) > Ve ( 3 ) 


has been used as a correlation’ function. The spectral function 


3 2 3 
r(v + =) nx 
E(«) = +, (4.52) 
a \/n Tv) (1+ Prey + 4 


corresponding to (4.30) was considered on page 19. As already shown, for Kr >> 1, the 
function Qk) coincides with the spectral density corresponding to the structure function 
Dr = or’, Thus, for v = 1/3, the function (4.31) coincides in the region kr, >>1 with 
the spectral density O (kK) ~ h/3 which expresses the theoretical size distribution of 


inhomogeneities in the concentration of a conservative passive additive in a developed tur- 


2 


bulent flow. Substituting Eq. (4.31) in (4.19), we obtain 


ar(v + 2) «'vner? sin“X 
Oo 
do(@) = a a | dQ . (4.32) 
Vx Pv) 0+ Wen sin’ 2) vts 


For ckr, sin § >> 1, we obtain from this that 


3 “2 
T < 
da(@) = v + a) a1 vale _ sin X (4.33) 
olv4l) - ov Oy, 2v+3 . 
2 Va Tv) 5 (sin 5) 


The quantity do(9@) depends on the frequency and on the parameter ne / ro” which characterizes 
the refractive index fluctuations. Of course, Eq. (4.33) for v= 1/3 is much more justified 
than the expression (4.29), because the spectral density of refractive index fluctuations 
(4.31) used to derive it corresponds to the refractive index spectrum in a turbulent flow. 
How important this fact is for the problem being considered can be seen from the following 


example. Since the correlation functions (4.26) and (4.30) are represented by outwardly very 


—_—_ 


similar curves (see Fig. 2), the parameters n’ and ry determined from them will have values 


which are very close together. At the same time, the ratio of the quantity do(@) calculated 


from Eq. (4.434) to the value of do(@) calculated from Eq. (4.29) is equal to 


l= ev 


0 
(kr, sin 5) 


to within a constant factor. For v = 1/3 this quantity is equal to 


4 
/ Q 
kr sin 5 ° 


Since we usually have kr, sin = >> 1, Eqs. (4.29) and (4.33) will give greatly different 


values for do(6). Eq. (4.33), as well as Eq. (4.29), expresses the spectral component 


—_—_ 


2 
$b (2k sin 3) which interests us in terms of the quantities Ly and. a depending on the large 
n 


scale inhomogeneities, and therefore it cannot be reliable enough, because the relation 


19 


between the small scale and the large scale inhomogeneities just cannot be universal. We re- 
call that for large r, or correspondingly for small Kk, formulas of the type (4.30) or (4.31) 
describe the structure of the random field only to a very crude approximation. 

43. Villars and Weisskopf [29] have made an interesting attempt to explain the 
scattering of electromagnetic waves by a turbulent flow. Their theory also begins by assum- 
ing that the deviation of the refractive index of the air from unity is proportional to the 
quantity p/T. However, Villars and Weisskopf neglect temperature fluctuations caused by tur- 
bulent mixing of the atmosphere and assume that the refractive index fluctuations of the atmo- 
Sphere are caused by pressure fluctuations [m] . Pressure fluctuations p in a turbulent flow 


are caused by velocity fluctuations v' and are related to them by the formula 
~ re 4 
p~epv', (4.34) 


where © is the density of the fluid. To explain the meaning of this relation, we recall 
that the Bernoulli equation p + pv-/2 = const is satisfied for stationary flow of a fluid. 
For non-stationary flow, an expression similar to (4.34) can be obtained from the equations 
of motion (see [30,13]). ‘Thus, the pressure field in a turbulent field is random. Its 
structure function can be expressed in terms of the structure function of the velocity field 


by using a relation similar to (4.34), namely [30,13] : 


> > 72 Op 2 
(P(r) +r) - p(r,)}" = Dr) = o DL (e)]", (4.55) 
where Dr is the longitudinal structure function of the velocity field. Since for 

L, o> r >>4,, the structure function of the velocity field has the form Di) = o(er)2/2 


(see page 32), then 
D(r) = 020% er)*/3 (Q<r<L), (4.36) 
Pp fo) O 


where € is the energy dissipation rate. 
t 
It follows from the relation n - 1 = const & that n' ~ F (since it is assumed in this 
paper that the temperature is constant). Thus, according to Villars and Weisskopf, the 
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structure function of the refractive index must have the form 
24/35 4/3 
D(r) = const pe /“r/~, (4.37) 


As shown in the example on page 25, the spectral density 


2 4/3,-13/3 


$,(k) = const pe (4.38) 


corresponds to the structure function (4.37). Substituting this expression into Eq. (4.19), 


we obtain 


-13/3 
do(@) = const pe t/ By 1/3( sin 2) 


sin’X dQ. (4.39) 
Villars and Weisskopf's basic assumption that refractive index fluctuations in a turbulent 
flow are caused by pressure fluctuations [n] does not withstand serious criticism. However, 
this paper is interesting in that it applies turbulence theory considerations to the problem 
of scattering of radio waves. This feature is expressed by the fact that Eq. (4.39) contains 
the parameter ¢€, which actually characterizes inhomogeneities of the sizes which cause scat- 
tering. 

4. We now turn to the model which attributes the refractive index fluctuations to 
turbulent mixing (see Chapter 3). Assuming that the potential temperature and specific humi- 
dity are conservative and passive, we obtained in Chapter 3 the following expression for the 


structure function of the refractive index of the air: 


D(x) = oP2?/3 (0. <r<< Li)» (4.40) 


2 
pr) = cE) (er «4,) . (44a) 
O 


The quantity Co depends on ¢€, the energy dissipation rate in the turbulent flow, and on the 


rate of levelling out of the amount of refractive index inhomogeneity produced by the 


15 


processes of molecular diffusion of water vapor and by the temperature conductivity. In 
the case where the turbulent regime and the distribution of n are stable, to calculate the 
quantity co we can use the formulas (3.51) which express of in terms of quantities character- 


izing the average profiles of the wind, temperature and humidity, i.e. 


> 1/3 , 
cee | at Fu?, (4.42) 
é 
Oz 
8x30" l+ =2.2009 ___7800_ dg | (4.4.3) 
l+ 1 + 2229004 az 


The spectral density corresponding to the structure function (4.40) is equal to (cf. (3.52)) 
Bk) = 0.0330% 22/5 (> <«Kk«Ki). (4 .4ls) 


Substituting this expression in Eq. (4.19), we obtain 


-11/3 
do(9) = o.o16verx!/3 sin°x (sin 3) dQ ,; (4.45) 
a <x (2k sin 5) Ke . 
O : O 


An expression equivalent to Eq. (4.45) was obtained by Silverman [o, 31]. Eq. (4.45) differs 
from all the previously considered expressions for do(@) in the first place by the fact that 
to derive it we used the expression (4.44) for the spectral density of refractive index 
inhomogeneities corresponding to the law established in turbulence theory. In the second 


place, the spectral density 


O(k - km) = 9 (2k sin 5); 
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pertaining to the small scale inhomogeneities is now no longer described by quantities per- 
taining to the large scale inhomogeneities, but rather directly by the quantity c“, which 


characterizes the intensity of the small scale refractive index inhomogeneities. 


4.5 Evaluation of the size of refractive index fluctuations 


from data on the scattering of radio waves in the troposphere 


We now consider some concrete examples which illustrate the application of the theory 
just presented. We compare the experimentally observed values of electromagnetic fields scat- 
tered by turbulence with the values of the same quantities inferred from Eq. (4.45). It is 
convenient to carry out this comparison for the ratio of the flux density P of the scattered 
energy to the flux density Po which would be received at the same distance from the transmit- 
ter to the receiver if they were located in free space. Let the distance between the trans- 
mitter and the receiver be equal to D. If the transmitter power is EO and the gain of its 
antenna is G, then at the distance D it produces an energy flux density Po = GE, /+nD*. The 
energy flux density at the distance D/2, where the scattering volume is located, is 


od 
P, = be G/4aD™. The amount of power scattered into the solid angle dQ is P do =(4E G/4xD \ do, 


1 
At the distance p/2 from the scattering volume, this power is distributed over an area 
(D/2)“aa , and therefore the flux density of the scattered energy is P= (168 G/xd*) (a0/an). 


Thus we have 


P 
a: 16 do, (4 46) 


To estimate the size of the scattering volume V, which figures in Eq. (4.19) for do, 


we use the approximate formula [>| 


3 
vr (4.47) 
there ¥ is the effective angular width of the gain pattern of the antenna. (It is assumed 


that the receiving and transmitting antennas are identical and have identical gain patterns 


lin the vertical and horizontal planes.) Using Eq. (4.47), we Pind 


P 
4, 3 6, D 
zo = Usk sin’X y G, (ae sin <4) 3 


for P L/P a In the case where the receiving and transmitting antennas are directed at the 


horizon, the quantity p/@ 1s constant and is equal to the effective radius R of the earth. 


Therefore we have 


P 
4 y) @ 
e = 4Rk sinX 7 $, (ar sin 3): 


Substituting the expression 


-11/3 
$ (ae sin 8) = 0.033 C°( 2k sin 2) 


“11/3 ,-11/3 
2 2 


2 
0.0453 Cn k 
into Eq. (4.48) and noting that sin°X ~ 1 for @ << 1, we obtain 


= 0.76 cf py7l/3 43 g-31/3, 


o by? 


(4.48) 


(4.49) 


We use Eq. (4.29) to estimate the values of C, which are necessary to explain the ob- 


served values of P/Po In Fig. 7 we show a graph of the seasonal trend of the monthly aver- 


ages of the quantity P/Po» which we have taken from the paper [4]. The path length was 
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Fig. 7 Seasonal trend of mean received signal levels produced by 
tropospheric scattering. PD is in decibels relative to 1 milliwatt. 
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300 km (188 miles), the transmitter frequency was 3600 Meps (\ = 8.17 em), the width of the 
gain patterns of the receiving and transmitting antennas was 0.012 radians, and the scattering 
angle was 0.048 radians. In this experiment, ¥ < @, so that we can use Eq. (4.47) and its con- 
sequence (4.49). Substituting the indicated values of 4, ¥ and @ into Eq. (4.49), we find that 
the values of Ch needed to explain the values of 10 log (P/P,) ranging from -67 to -93 deci- 


8 to 4.5 x 107? om 1/3, The height 


bels experimentally observed must lie in the range 8 x 10° 
of the center of the scattering volume above the earth's surface was 1.5 km, so that the 
values of Ch obtained pertain to this level. It should be noted that the size of the inhomo- 
geneities responsible for the scattering is in this case L£(6) ~ 1/6 = 1.7 m. This size cer- 
tainly satisfies the condition to << 4(6) <<L,, t.e. lies in the range where the "two-thirds 
law” can be applied. 


In order to judge whether these values are realistic, we now consider the temperature 
fluctuation characteristic Cp Which figures in the "two-thirds law" for the temperature field: 
D(r) = [a(r + r,) - T(r,)]° = cp r°’?. 
If we assume that the refractive index fluctuations are caused only by temperature fluctua- 
tions, then from (3.44) we can obtain the following relation between the quantities Co and C 


T 


c= kD Po (4.50) 


where p is the atmospheric pressure in millibars and T is the absolute temperature. If we 
substitute here p = 850 mb and T = 273° K (the approximate values of these quantities at the 


height 1.5 km),we find that the value C_ = 0.09 deg om 1/3 corresponds to the value 


T 


c,= 8x 107° om 1/3 and that the value C,, 


“1/3, 


= 0.005 deg om 1/3 corresponds to the value 


Cc, 4.5 x 107°? om 


[35] at a frequency of 3700 Mcps leads to approximately the same values of CA and Cow 1.e. 
1/3 


An analysis of the results of measurements carried out by Bullington 


C, ~ 0.002 to 0.006 deg cm 
Direct measurements of the quantity Cn were first made by Krechmer [36] . The author of 
this book has also made numerous measurements in the layer of air near the earth and on a 


tethered balloon [37]. In the layer of air near the earth, the value of C, varies from zero 


19 


to 0.2 deg on 2/3 depending on the meteorological conditions, with the largest values obtained 
during the noon hours. In the lower troposphere (up to a height of 500 m) the size of Cn 
decreases compared with its value at the earth's surface, and is of the order of 0.03 deg 


~1/3 


cm and less [a]. Thus, it is apparent that the observed values of Cn are sufficient to 
explain the magnitude of the scattered signals. It should also be noted that the values of 
C. obtained by analyzing the phenomena of twinkling and quivering of stellar images in 


telescopes have the same order of magnitude as those obtained above (see Chapter 13). 
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Chapter 5 
THE SCATTERING OF SOUND WAVES 


IN A LOCALLY ISOTROPIC TURBULENT FLOW [a] 


The scattering of sound waves in a turbulent flow resembles in many ways the phenomenon 
of scattering of electromagnetic waves. The velocity of propagation of sound waves depends 
both on the wind velocity and on the temperature. Since in a turbulent flow both of these 
quantities undergo irregular fluctuations, the velocity of sound is a random function of coor- 
dinates and time, a fact which leads to the scattering of sound waves. In this chapter we 
shall regard the quantity T itself as a conservative additive rather than H = T + Ye since 
in what follows it is assumed that the results of calculations of acoustic scattering are 
used only in the layer of the atmosphere near the earth, where the difference between H and 
T i8 unimportant. The scattering of sound waves in a turbulent flow was first considered by 
Obukhov [ 38] in the year 1941; Bubsequently papers by other authors [33, 32, 39] have been 
devoted to the same problem. 


The basic equation for sound propagation in a moving medium can be written in the form 


2 


) ) 
ar ot a Sey P = 0, (5.1) 


where P is the potential of the sound wave, the u, are the components of the velocity of 


1 
motion of the medium, and c is the velocity of sound. A derivation of this equation with 
some simplifying assumptions is given by Andreyev and Rusakov [40]. Naturally, in using 
Eq. (5.1) we do not take into account the rotational component of the acoustic field. How- 
ever, under atmospheric conditions, the size of this component is small compared to the poten- 
tial component. 

We assume that the mean flow velocity is equal to zero and that u = u' represents the 
instantaneous value of the fluctuational velocity in the turbulent flow. Since the velocity 
fluctuations are small compared to the velocity of sound (under the conditions in the earth's 


+ 
atmosphere), we shall retain only the lowest power of the quantity u'/e (u' = |u'|) in the 
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) e) 
equations. Squaring the operator set Us J «(Owe obtain 
i 
>, 2 >, 
AP - 3 5 = BU ered P + > u'-erad sp (5.2) 
c c 


with an accuracy up to terms of order u'/e. The first term in the right hand side is of 
order no larger than (1/c")a ir. grad P (where 2 is the largest frequency of the fluctuations 
of flow velocity); the second term is of order (1/c") w Gegraa P, where wis the angular 
frequency of the sound. In the case 2 << w (and this condition is practically always met for 
all frequencies in the acoustic spectrum) we can neglect the first term in the right hand 


side of (5.2), obtaining as a result the equation 
ou OP 
LP - eye eS e (5.3) 
The velocity of sound c, which figures in Eq. (5.3), is a function of temperature. 


For example, c ~ Jt for an ideal gas. If we denote the mean temperature in the flow by T 


and the temperature fluctuation by T', then we have 
_ Ve 
e(T) ~ e(T) G+ —}. (5.4) 


In the atmosphere the quantity T/T 1s of the same order as u/c. Substituting the expression 


(5.4) in Eq. (5.3) we obtain 


13> Qu! OP 1 T! 3°p 
7 BB = Be eres Se BT 8? 
e At eC eC Ot 


with an accuracy up to terms of order pr / T, (Fenceforth instead of T and e(T) we shall 


write T and c, understanding these quantities tc be the corresponding mean values.) Assuming 


Lwt 


Tut i.e. that P=ITe-””, we obtain 


that the time dependence of P is given by the factor e| 


the equation 


= 
t 
AT + «° I= - Aik <-grad Il + KT ’ (5.5) 
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for the amplitude potential II, where k = w/c is the wave number of the sound wave [pb]. 


We shall look for a solution of Eq. (5.5) in the form of a series II = 1, +0, +I, +--., 


where Tl, has the order of smallness of u'/c or T'/T raised to the power of k. Then we have 
ATL, + KT = 0, (5.6) 


9 
Al. +k° I = -2ik —. grad +k = I. (5.7) 


TL represents the amplitude of the acoustic wave potential incident on the scattering volume 


V. Assuming that the incident wave is plane, we obtain 
—_ 
m=aaet , (5.8) 


where k is the wave vector of the incident wave. Substituting this expression in Eq. (5.7), 


we obtain 


+ > ; 72 
AT +n, - a? (HE, 2) alk | (5.9) 


where nD is a unit vector in the direction of k (K= kn). Eq. (5.9) has the form of Eq. (a) on 
2 


page 61. Consequently, its solution at large distances from the scattering volume (Ar >>L, 
where L? = V) is 
kr >>, +> > >>, 11> 7D, 
~ le 2} neut(r') | T(r‘) ik.r'-ikmr , 
= - Ae av «10 
1,(r) = Lg 3 f ok c + 3 fo) ; (5-10) 
V 


where m ig a unit vector directed from the center of the scattering volume to the receiving 


> ikr 
point. Thus, IL (x) represents a spherical wave Ty =Qe /r with random complex amplitude 


PA, 
Qa - 2 pe), TE). ie (-tt)- EP aye (5.11) 


v 
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As is well known [14], the average value of the flux density vector of the scattered 


energy (taken over the period of one oscillation) is equal to 


> wp 
— ob x 
S=5 Im(¥ grad I); 


where © is the density of the gas. Calculating the gradient of Ilys we obtain 


ikr ikr ikr ikr 
all. = grad Q2—=Q (iki -& m~ ika ——n 
Bree 1 r r ye r , 
N 
where it is assumed that kr >>1. Therefore we have 
-ikr ikr 
> wf e e > wok > 
S = Im (Q* —— ika-——m} = ae QqQ* m. (5.12) 


The quantity Ss, which depends (via Q) on the velocity and temperature fluctuations of the 


flow within the scattering volume, is random. Its mean value equals [e] 


av, Vs (5.13) 


We assume that the random fields u'(r) and T(r) are homogeneous and isotropic; below it will 
be possible to extend our results to the case of locally isotropic fields as well. In this 
ease it follows from the incompressibility condition for the turbulent flow of the fluid 


(valid for u << c) that [4] 
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Consequently, we have 


eck AS TS <5  1K(n-m)- (F,-7,,) 
S = & 53 | aya, ff ul(Z,)ul(Z,) av,aV, 4 
nr e 
VV 
ik(n-m): (7, -r,) 7 
1 > > 
+ we / Tr, )t'(r,) e e ana, . (5.14) 

VV | 


But 


is the correlation tensor of the velocity field, and 


mtfc 172 _ > 2 
T (r,)T (r,) = B(r, ry) 
is the correlation function of the field of temperature fluctuations. Since the integrands 


in the right hand side of (5.14) depend only on ry - Fo, we can carry out one of the integra- 


tions in doing the double integrals over the volume, obtaining as a result 


6 
ock acy >> 
> 1 > tk = ® 
S$ =n 33 payn, | By (Ft) etktnm) avi + 
tr c 
V 
sag fap eH] - 

Le , 


V 


Ne now use the representation of correlation functions in the form of Fourier integrals. As 


2stablished in Part I, we have 
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B(F) = ffs elkr T(z) aK, (5.16) 


a a> > K,K. + 
B, ,,(¥) = Lf] ek tr e - Ls) E(K)dk . (5.17) 
K 


Here E(k) is the spectral density of the energy of the turbulence in wave number space, and 
Gk) is the spectral density of the temperature fluctuations (more exactly, the spectral den- 
sity of the amount of inhomogeneity in the temperature field). Substituting the expressions 


(5.16) and (5.17) into the integrals in the right hand side of Eq. (5.15), we obtain 


—> ~, K K. + 
f By (r') eT T' avt 2 By? Ba 7 a E(K)} , (5.18) 
K 
Vv 
f BE) eo PEE ays 2 a? G(x) (5.19) 
T = ’ . 
V 


where the double overbar over a function like F(K) denotes the average of this function over 
— 

the region in wave number space of volume 8x /V Surrounding the point kK. The derivation of 

these formulas is analogous to the derivation of Eq. (4.16). Substituting the expressions 


(5.18) and (5.19) into Eq. (5.15), we obtain 


6 2 
mock ASy 1 k(n, -m, )(n,-m, ) +» - 
Ss=m 2 x no. ik - “WG-R)- Gk) E(k(n - m) ) + 
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+ = G(k(a - m)) |. (5.20) 


In the case where the volume V is so large that averaging over the region 8x? /V of wave num- 
ber space does not substantially change the averaged functions, Eq. (5.20) can be simplified 


considerably. In this case we have 


(ay =m )(m, - my) ly, 77 
n, 6... = >(1 + m-n). 
i’k ik (h _ m) -(n _ mn) a\ + ) 


But men = cos 6, where 6 is the angle between the direction of the vector kK and the vector r 
going from the center of the scattering volume to the observation point, i.e. the scattering 


angle. Therefore 


=(1 + mn) = cos Z ; 


$ =m 


rock av 


2 


> > a > > 
wz [ % Bald - #)) coe $4 2, Fuld - |. (5.21) 


Cc 


Since in the case of isotropic turbulence E(K) = E(x) and §,(«) = G(x); it follows that 


E(k(n - m)) = E(2k sin ¥) 


and 


G(k(m - m)) = 9,(2e sin 3). 
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Thus we have 


> > rock acy 1 Q a g 1 . Q 
S=n 2 E E(2k sin 3) cos rr) + We Gai sin 8) |. (5.22) 


Eq. (5.22) can be used to find the effective cross section for the scattering of sound 


2 
in the direction @. The acoustic power scattered into the solid angle dQ is equal to Sr dn. 


The energy flux density in the incident wave II, = Aen is equal to 
Ww kr ik-r 1 2 
> - *r > 
So = oo Im {A e 1k A, e€ = 3 WPA k, 


and its absolute value is So =5 cok AS Consequently, we have 


2 


ao(@) = nk‘ 3, R(ak sin £) cos + —5 O(2k sin 8) | do. (5.23) 
Cc 


km 


Eq. (5.235) is completely analogous to Eq. (4.19), which defines the effective cross section 
for the scattering of electromagnetic waves. (The expression inside square brackets in Eq. 
(5.23) signifies the spectral density of the refractive index fluctuations. ) 

It follows from the expression (5.23) that the effective cross section for scattering at 


the angle 9 depends only on spectral components of the turbulence with wave numbers 2k sin g 


7 
corresponding to "sinusoidal space diffraction gratings" with period 
Ont dX 
(9) = —*#_. - A> (5.24) 
ok sin 3 2 sin 3 


satisfying the Bragg condition. This fact allows us to extend Eq. (5.23), obtained by assum- 
ing that the velocity and temperature fluctuations are homogeneous and isotropic, to the case 
of locally isotropic fields. In fact if t(@) << L.» then the values of the functions 

E( 2k sin 3) and G,( 2k sin $) are determined only by the isotropic inhomogeneities (eddies) 


ani the anisotropy of the large scale inhomogeneities has no influence whatsoever on these 
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values. In the case 4. << 4(@) <«<L, ie. 


@ 
* <esin3g< ~- ; (5.25) 
oO O 


the quantities E(2k sin 3) and O(2k sin 2) are determined by the "two-thirds laws" for the 


velocity and temperature fields: 


D = Oo r/3 
rr V 


_ ne _2/3 
7 Cr r/”. (5.26) 


2 2 2 e=— - = 
Here C. = Ce [3 Cn =a Ne 1/3 e€ is the energy dissipation rate of the turbulence, and N is 


the rate of levelling out of the temperature inhomogeneities. In this case, we have 
E(k) = 0.061 on c/3 ; (5.27) 
a . 
G,C«) = 0.0353 Cn K 11/3 (5.28) 


(see (2.20) and (3.24)). Substituting these expressions into Eq. (5.23), we obtain 


C2 


2 
-11/3 
cos” 2 + 0.13 | (sim 3) an. (5.29) 


rl eo 


do(@) = 0.030 x/3 vf 
Cc 


In the layer of the atmosphere near the earth, the quantities c/e and C,,/T have the same 
order of magnitude, so that the tenmerature and wind fluctuations make approximately the same 
contribution to the scattering of sound in the atmosphere [e]. An experimental investigation 
of the scattering of sound in the atmosphere was carried out by Kallistratova [97]. Her 
results agree satisfactorily with Eq. (5.29). 

Using the general formula (5.23) we can also easily find the quantity do(@) in cases 
where the spectral densities of the velocity and temperature fluctuations have a form dif- 
ferent from (5.27) and (5.28). Such expressions are given in the papers [39,41]. For 
example, in the case where the correlation functions of the fluctuations of wind velocity and 
temperature have the exponential form 
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Br (T) =50 exp (- [r|/2), BA(r) = tr exp(- |[r|/z), (5.30) 


the expression for do(g) takes the form [f] 


2 3 2 2 
2.2 T 22 
v | %o 2 ke 0 Ko 
do(6) = =~ | —s 8 sin’9 —sa— a5 | +s an. 
ext 30° 1+ e-e sin 3 T 1 + ee sin’ z 
(5.31) 


It is interesting to note that in this case do(0) depends only on the temperature fluctuations, 


i.e. the wind inhomogeneities do not scatter at zero angle [a] - 
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Part III 
PARAMETER FLUCTUATIONS OF ELECTROMAGNETIC AND ACOUSTIC WAVES 


PROPAGATING IN A TURBULENT ATMOSPHERE 


Introductory Remarks 


The influence of atmospheric turbulence on the propagation of electromagnetic and acous- 
tic waves involves more than scattering of the waves. As the waves propagate through the 
medium, there occur fluctuations of amplitude, phase, frequency and other wave parameters. 
These effects are of great importance in a host of problems in atmospheric optics, acoustics 
and radio meteorology. (For example, one might mention the fluctuations of frequency and angle 
of arrival of electromagnetic and acoustic waves, the twinkling and quivering of stellar 
images in telescopes, radio star scintillation, etc.) On the other hand, the study of para- 
meter fluctuations of electromagnetic and acoustic waves can give valuable information about 
the structure of atmospheric turbulence (see Part IV). The most recent papers devoted to 
amplitude and phase fluctuations of electromagnetic waves are concerned with the phenomena of 
twinkling and quivering of stellar images in telescopes. In recent years, interest in 
this problem has increased greatly, and there already exist a large number of experimental and 
theoretical papers dealing with these matters. 

The problem of parameter fluctuations of waves propagating in the turbulent atmosphere 
can be formulated as follows (with a view to obtaining a theoretical solution): Along the 
wave propagation path from the source to the observation point there occur refractive index 
fluctuations produced by the turbulence. The wave source may be situated either outside the 
region where the fluctuations occur or inside it. In the first case, we can replace the 
actual source of waves by an equivalent source located on the boundary of the region. (For 
example, a star located at a great distance from the earth can be replaced by a plane wave 
located at the boundary of the refracting atmosphere.) In the second case, we can generally 
disregard the part of space lying behind the wave source, since its influence on the propaga- 


ting waves is negligibly small. Thus, in both cases we can assume that the source of waves 
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lies on the boundary of the region occupied by the refractive index fluctuations. We shall 
always assume that the observation point lies inside the region. (If the observation point 
lies outside the region, the value of the field at the observation point can be determined 
from the values of the field at the boundary of the region occupied by the inhomogeneities. ) 

Just as in the problem of wave scattering by refractive index inhomogeneities, we shall 
assume that the field of refractive index inhomogeneities is quasi-stationary, so that we 
Shall not be concerned with frequency fluctuations and the frequency spectrum of the ampli- 
tude and phase fluctuations of the wave. (However, the problem of the frequency spectrum of 
the amplitude and phase fluctuations of the wave can be approached by starting with the spa- 
tial spectrum of the fluctuations (in this regard, see Chapter 12)). ‘The actual time changes 
of the refractive index field can be regarded as changes of the realizations of the random 
field. We shall consider that the field of refractive index fluctuations is a locally iso- 
tropic random field. Our problem will be to determine the statistical properties of the wave 
field at a distance L from the source of radiation (or from the boundary of the region occu- 
pied by the refractive index fluctuations). 

In Part III we consider some methods for solving the problem just stated. We begin by 


presenting the simplest method, which is based on the equations of geometrical optics [42,43, 
4h 45]. 
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Chapter 6 
SOLUTION OF THE PROBLEM OF AMPLITUDE AND PHASE FLUCTUATIONS 
OF A PLANE MONOCHROMATIC WAVE 


.BY USING THE EQUATIONS OF GEOMETRICAL OPTICS 


6.1 Derivation and solution of the equations of geometrical optics 


We consider first the problem of amplitude and phase fluctuations of short electromag- 
netic waves. As was shown in Part II, the process of scattering of electromagnetic waves in 


an inhomogeneous medium can be described by the equation (cf. (4.3)) 


AB + k°n° B+ 2 grad(E-grad log n) = 0. (6.1) 


We assume that the geometrical dimensions of all the inhomogeneities in the spatial distribu- 
tion of the refractive index are much greater than the wavelength A (i.e., that } << to? where 
Lo is the inner scale of the turbulence). In this case we can neglect the last term of Eq. 

(6.1) [a]. Thus, the propagation of short waves (i << L) in an inhomogeneous medium is des- 


cribed by the equation 

AE +k n°(Z)E = 0. (6.2) 
The vector equation (6.2) reduces to three scalar equations, having the form 

Aut kn(t)u = 0, (6.3) 


where u can denote any of the field components. We set u = ret , where A is the amplitude 
and S is the phase of the wave. Substituting this expression in Eq. (6.3) and setting the 
real and imaginary parts of this equation equal to zero, after first representing Eq. (6.3) 


in the form 
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> 2 2 2,;> 
AB 4 kon(Z) = A log u + (V log u) +kn(r) = 0 


for convenience, we obtain a system of two equations equivalent to (6.3) 


A log A+ (V7 log a)* - (Vv s)* + kn® r) = 0, (6.4) 


To simplify Eq. (6.4) further, we note that VS is of order k, e.g. (in a plane wave 

> > ' 2 2,2 
S=kerandVS =k). Therefore the two last terms in Eq. (6.4) are of order k~ = 4n/x%. 
Moreover, the wave amplitude A can change appreciably only in distances of the order of the 


dimensions of the inhomogeneities in the medium. Therefore 
2 
A log A+ (V log a) = 54 


is of order no greater than 1/e®, Since we have assumed that’ < to the first two terms of 
Eq. (6.4) are small compared to the last two terms and can be neglected. Thus, Eq. (6.4) 


takes the form 


e Kn“(Z). (6.6) 


(VS) 
We shall now use the system of equations (6.5) and (6.6), i.e. the equations of geometrical 
optics, to solve the problem of amplitude and phase fluctuations of a plane wave propagating 
in a locally isotropic turbulent flow. 
Let the refractive index n(r) be a random function of the coordinates, with a mean value 


equal to 1 [b] - We denote the deviations of n(r) from unity by n, (7), i.e. 


n(r) = 14n,(r). (6.7) 
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—> 
We assume that Jn, (x) | << 13; this condition is accurately met in all real cases. The smalil- 
ness of the refractive index fluctuations allows us to use perturbation theory to solve Eqs. 


(6.5) and (6.6). We set S=S +S, and log A= log A, + X, where X= log A/A, is the "level" 


1 
of the amplitude fluctuations on a logarithmic scale. Then Eqs. (6.5) and (6.6) take the form 


2 2 2 Oo > 2 2,> 
(V 8.) +2V85 °V 5, + (VS)) = k + &n(r) +k nj(r), (6.8) 


A r) e e e — e 
5, +45, + 2V log A, V5, + 2 V log A, VS, +2v%X-VS + 2VeV 5S) O 
(6.9) 
Equating groups of terms of the zeroth order of smallness, we obtain 
2 2 
(V S,) =k’, (6.10) 
AS ,+2V7 log A+ VS) = 0. (6.11) 
Subtracting these equations from (6.8) and (6.9), we find 
VS(2VS +78) = xn (zr) + kono(7) (6.12) 
1 fe) 1 1 1s’? 
° X ° = e ° 
AS, + ev log A, Vs, +ev VS,+eVvx VS) 9) (6.13) 


2 
In the case where |V S,| << |V S.| =k, i.e. r|v S,| << 2x, we can neglect the term (Vv S,) 


2 2 
in Eq. (6.12). Moreover, in the right hand side of (6.12) we can omit the term k'n) r) of 
the second order of smallmess. Thus, the linearized equation 
VS°VS, = Kn (r) (6.14) 
O 1 1 


is valid for x|V S| << On, i.e. when the phase changes by a small amount over the distance of 
a wavelength » (note that the smallness requirement is not imposed on the value of Sy itself). 


If the same condition A|V 8, | << 2 is met, we can omit the last term in (6.13), which in this 
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case is small compared to the third term of this equation; the result is 


A8,+2V log AVS +2VX-VS = 0. (6.15) 


1 
We now consider the amplitude and phase fluctuations of a plane wave, choosing its direc- 
tion of propagation as the x-axis. Then S = kx and A, = const. In this case, Eqs. (6.14) 


and (6.15) take the form 


0S, n 

x = kn, (1), (6.16) 
x 

AS, + x = 0. (6.17) 


Let the source of the plane wave be located at the plane x = O (this plane can also be 
regarded as the boundary of the region occupied by the refractive index fluctuations), and 
let the observation point have the coordinates (L,y,z), i.e. be located at a distance L from 


the source of the wave. Integrating Eq. (6.16) and (6.17), we obtain 


L 
S,(L,y>2) =k f nj (x,y,z)dx, (6.18) 
fe) 
os os i 3°s 3°8 
1 1 1 1 1 
X(L,y,Zz) = - = - + f —— + dx |. (6.19) 
x Ox (Ly, z) Ox | (O,y,; z) O (= 32° 
The quantity 
os os 
1 1 1 1 
e (= (asst) (BE) Coyyyey | 7 BE?) ~ mC 


is small compared to the integral figuring in Eq. (6.19). Therefore we have approximately 
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Ae) 


X(Loy, Z) 


| 


x 
1 3 3° 
-& | a + =3/]K f nj (t,y,z)dé dx = 
5 oy Oz , 


L x 


1 a n pfbo¥2 ) d°n, (E552) 
- fax fa oy (6.20) 
5 0 oy Oz 


Eqs- (6.18) and (6.20) express the amplitude and phase fluctuations at the point (L,y,z) in 


terms of the refractive index fluctuations along the propagation path. 


6.2 The structure function and the spectrum 
of the phase fluctuations of the wave 


Averaging Eqs. (6.18) and (6.20) and taking into account that a, 


These equations allow us to express the structure (correlation) functions of the phase and 


= QO, we obtain X= j= 


amplitude fluctuations in terms of the structure function of the refractive index. For exam- 


ple, taking the difference of the values of Sy at two points on the plane x = L, we obtain 
S,(L,y,, Zz.) ~ S(L,¥55 Z) = k | [n, (x92) - n, (25955 z,,) |dx. (6.21) 


We square this equation and write the square of the integral in the form of a double integral. 


Then performing the average, we find 
S.(Lyyi92,) - 8.(Ly¥525)]° = 
[S)(Loyy 944) - 8) (Us¥ps%o)] = 


L L 
oC 
=k f dx, [ dx,, [nj (x,, Vy Zz.) -n,(x,, Yoo Z) | x [n, (x5, vy Zz.) “1, (X5Yp, 2) ° 
O e) 


(6.22) 
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Using the algebraic identity 
(a - b)(ce = a) = 5[(a - a)* + {(b ~- e)* -{a- e)* - (b - a)*] 


we express the integrand in terms of the structure function of the refractive index, t.e. 


[n, (x, » ¥y4924)- n, (x,, Vo Z,) | [n, (x55 Vy Zz.) ” n ( Xo? Vo? z)] = 
1 ee. t21 2 
= 9 [n, (x,, Vy Zz.) - n (X55 Yo» Zo )| + 9 [n, (x, Vos Z.) ~ n, (Xp, Vy? z,)] - 
1 eae tl 2 
ae) [n,(x,, yp z,) - ns (Xos vy z,)J "3 [n, ( x5? Yo Z) - nj (X,5 Vos Z) | ° (6.2 


Since we assume that the refractive index field is a locally isotropic random field, we have 


[n, (x »¥_9%y) - n,(%0¥52,)]° = 
=D, Va, - x, )* + (¥, - y)° + (z,, ~ 2,)°) ; (6.2 


where the indices a,..e,H,.e«+,v can take the values 1 and 2. Thus, the expression (6.23) is 


equal to 


Mole 
oO 
Bb 
v—m 
Ha 
} 
I 
bes 
N 
Nee 
ne) 
+ 
vVv—t™ 
td 
WY 
I 
ud 
N 
ee 
N 
+ 
a 
N 
| 
N 
yy 
+ 


+ 
Mle 
oO 

+o) 
~ 
* 


17 x,,)° + (yy - ¥5)° + (z, - a) - 
dD (Is, - x51) - =D. (Is, - x31) = 


98 


b 
hole 


=D, (Vex, - x5)* + (y, _ Yo) + (z, -2Z * ) - Dd, (Ix, - x91) ° (6.25) 


2 


Substituting (6.25) into Eq. (6.22), we obtain 


Dq(P) = [s,(Ly,, Zz.) - 8) (Ls Yo, Zz) = 


= ke i dx, f ax,[D, (a - x5)° 4° D, (Ix, - x31) |. (6.25') 


2 2 
where ~ = V(y,- Yo) + (z,- 2) ig the distance between the observation points in the plane 


x=L. It 18 easy to convince oneself that the equality 


L L L 
f ax, f dx, P(x, - x) = 2 [ (L = x)£(x)dax (6.26) 


holds for any even function f(x). Applying this relation to (6.25'), we obtain 
i 
D.(P) = 2° f (L - x)| >, V2 + 2). D(x) fax. (6.27) 
O 


The relation (6.27) can still be simplified a bit further. To do 80, we should consider the 
fact that for x >> ?p, the expression Df x74 p*) - D(x) ig very small. For example, if 


D(x) = cx (u <2), then 
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for x > p. The chief contribution to the integral (6.27) occurs for x gp. If o<L, 


then on the segment x < ep, L- x ~ L and 


D,(P) ~ ore, I [D, (4 + ) - Dy (x) fax. 


Since the integrand is very small for x >L, the upper limit of integration can be replaced 


by ©, and then we obtain the formula 
Dg(P) = er, [ D, VP + ) - D4 () jax, (6.28) 
fe) 


which is valid fore <L. 


Eq. (6.28) expresses the structure function of the phase Pluctuations of the wave in the 


plane x = L in terms of the structure function D(x) of the refractive index. From Eq. (6.28) 


we can obtain a relation between the spectra of the phase fluctuations and of the refractive 


index. As was shown in Chapter 1, a structure function given in some plane can be represented 


by the integral (cf. (1.49)) 


(oe) 


D.(?) = 2 LT] [2 = coa(kon + Kst)]Fg(kysKqy 0)AK AK, (6.29) 


2 
where 0° = no +€". Here Fg (K5sKz50) represents the two-dimensional spectral density of the 


structure function Dq (0) In Chapter 1 we also derived the formula (cf. (1.48)) 


Dd, ( + 2° | - D(x) = 2 ai [1 - cos(K,7] + Kab) IF (KosKaeX) OK pak 5, (6.30) 


where B (Kos K 59%) is related to the three dimensional spectral density O (Ky sKosK5) of the 


LOO 


refractive index fluctuations by the relation (cf. (1.53)) 


00 


Ox (ky Kos Ks) = [ Fi (Kas Ka9%) 008 (kK, x)dx. (6.31) 


-» © 
It follows from (6.31) that 


[ee] 


| Byleapksyxax = x 9, (0,Kaskz)- (6.32) 


O b 
) 


We substitute the expansion (6.40) in Eq. (6.28) and change the order of integration with 


respect to (Ko) Kz) and x, iee. 
D.(P) = le“, [| [1 - cos(K yn + kb) Jax pdx, [ B (Kos Kas) Gx 
- © O 
Bearing in mind the relation (6.32), we find 
Dg(P) = 2 [/ [i - co8 (Kn + Kb) ]2nkL G,, (0K 59K) dK AK 56 (6.33) 
- 0 
Comparing the expansion (6.43) and Eq. (6.29), we convince ourselves that the two-dimensional 


spectral density Fy (KpsK 3,0) of the phase fluctuations is equal to 


Fy (Kas Kx 0) = ont“ GMO, KasKa)« (6.34) 


101 


Since 
/2 2 2 
in a locally isotropic turbulent flow, then 


9,(0,K55Ks) = G. VK5 + 2) 


and 


Writing K = VK5 + KS, we finelly obtain 


FA(k,0) = Ok, 9 (k). 


6.3% Solution of the equations of geometrical optics by 


using spectral expansions 


(6.54') 


The relation (6.34') between the spectral densities F(k,0) and § (x) is equivalent to 


the relation (6.28) between the structure functions of the phase fluctuations and the refrac- 


tive index Pluctuations. The relation (6.34') can be obtained from Eq. (6.16) by still an- 


other method, which does not require the introduction of structure functions. 


As was shown in 


Chapter 1, the locally isotropic random field n, (7) can be represented in the form of the fol- 


lowing stochastic integral 


“ i + K,Z) 
n, (x,y, 2) = n, (x, 0,0) + [fa -e Koy “3” )dv(K5sKz5X) « 


- © 
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(6.35) 


Since ny is a real quantity, we have 


dv*(-K,, “Kas x) = dv(K,, Kx) ° 


The random amplitudes dv (Kos K 59%) satisfy the relation 


Av (Kos Kx 9X)AV*(K 5, K 55%) = (kK, - K5)8(K, - K! 


5) X 


x Bi (Kas Ka5X - x" )dkpdk .dK 50K 5 . (6.36) 


We shall look for an expansion of the phase fluctuation field 8, (7) which has the same form, 


i.e. 


° i(kK.y + Kz) 
S(x,y, 2) = S,(x,0,0) + ia la -e 2” y Ja0(KysKsX)- (6.37) 


The random amplitudes do(KysK 39x) satisfy the relation 
dol K 5) Kx»x)do*( Ks, K 35%") = 


= 8(k, - KB)8(Ks - KE )Fg(Kps Kas x = x") dk pdk dK SAK 5 « (6.38) 


Substituting the expansions (6.35) and (6.37) in Eq. (6.16), we obtain 


alee + [| la - Ke ° ad 2. do(K59KzsX) = 


- © 
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° i(K,y + K5Z 
= kn, (x, 0,0) +k Lf [1 -e ¢ py) Jav(ieyskgs%)- (6.39) 


Setting y = z = 0, we have 


0S, (x, 0,0) 
x = kn, (x,0,0). 


Subtracting this equation from (6.39), we obtain the equation 


[| la - oe ” se | 2 dol Kos Kz 5X) - AW Keys Kg9%) = Oy (6.40) 


satisfied for arbitrary y and z EHquating the integrand to zero, we obtain the relation 


fe) 
Sx do(K 59K z5X) = kdv(K5,K5X)- 


We integrate this equation with respect to x from 0 to L. Since do(K5)K3,0) = © (there are 


no fluctuations at the "input" to the turbulent region), we have [c] 
L 
do(K5sKzsL) =k f dxdv(K 5s KzsX) « (6.41) 
O 


We multiply Eq. (6.41) by its complex conjugate equation 


L 
do*(K 5, «5 51) = k f dx" dv*(K5,K3,x"), 
O 
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written for the point (k5,K5) and average. Taking into account the relations (6.36) and 


(6.38), we obtain 


Fy (Ko9k3,0)8(K, - K3)8(K; ~ Kg )dk dk dk hak 5 = 

L L 

2 
=k f dx / dx'F (Kos Kx 5X - x')8(K, - KB)o(Ks - Kx) dK dk dk 34k 5 
O re) 
whence 
L L 
4,2 
Fa (KosK 3,0) =k f dx f Ax'F (Kos K 25% ~ x') . (6.42) 
e) O 


The function BACK) K5x - x') ig even with respect to x - x'. Applying Eq. (6.26), we obtain 


L 
2 
Fy(Kpoky0) = 2° [CL ~ x)R(kapkyx)0x - (6.43) 


O 


As shown in Chapter 1, the function B (Kos K asx) falls off rapidly forx >1/k. Therefore, only 
the region x < 1/k contributes substantially to (6.43). If 1/k << L, the chief contribution 


to the integral (6.43) is obtained for x << L. In this region,L - x ~ L and 


L 
2 
Fy (KosK 350) kL / B (Ko Kgs x) ax 
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Applying Eq. (6.32), we obtain the previous relation 
Fo(k,0) = 2akL G(x), (6.4) 


from which follows also the equivalent relation (6.28). ‘This spectral method of solving the 
problem is equivalent to the method based on structure or correlation functions, but is in 
many respects more convenient, 

We now apply the spectral method of solution to determine the amplitude fluctuations. 
Above we obtained the relation (6.20), which relates the fluctuations of the "level" 
X = log A/ A. to the refractive index fluctuations n,(F). We shall look for the locally iso- 


tropic random field X(r) in the form of an expansion 


_ 1( +K 
X(x,y,Z) = X(x,0,0) + [[b- e “2” P Jaalkgskegy). (6.45) 


According to the general formula (1.46) 


dalkysKz)x)de*(K5,K3,x") = (kK, - KS)8(Ks - K3) x 


x FalkysKz, |x - x" | dk .dk dx Saks, (6.46) 


where B(kosK x, |x|) is the two-dimensional spectral density of the field of fluctuations of the 


level. Substituting the expansions (6.35) and (6.45) into Eq. (6.20), we obtain 


X(L,0,0) + r A - aad " FY al kgp keg - 
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L x 0 
i(k,y + x,2) 
1 e 2 C 
a -3 / ax | dé [| (KS + Ks) e 2 dv(K5)Kz58)- (6.47) 
O O - © 


Setting y = z= 0 in (6.47), we obtain the relation 


L x 00 


[. dx J de [ («5 + K S)AV( Kas Ky) « 


X(L,0,0) = - 


nDole 


Subtracting this equation from Eq. (6.47), we find 


oo 


lr F : ilkey + 3 al gah) = 


L x 00 
i(k,y + K,%) 
-3f[ ax [ at [[ig+Op-e an 9 [avtegrtsp8), (6.48) 
e) O - 
whence 
da(k5KzsL) fe i ae (KS t Ke 4) dv(Ky,Kz58)- (6.49) 


We multiply Eq. (6.49) by its complex conjugate, written for KS,Kz,L, i.e. 


3? 
da*(K5,Kx,L) =  / dx" [ow (oe + Ke )av¥ (KS) K3, 6! ) 
and average. Taking into account Eqs. (6.46) and (6.36), we obtain 


107 


x x! 


L L 
4 
PAlkgkyo) =e f dx f dx! [ dé [ ade 'k F(KoKas6 - 6"), (6.50) 
fe) Oo e) 


where Ke denotes the quantity KS + Kee 


Eqe (6.50), which relates the two-dimensional spectral density of the amplitude fluctua- 
tions of the wave to that of the refractive index fluctuations, can be simplified considerably 


Consider the expression 


x x! 
[ dé [ dg'F (KosKas8 - e*). (6.51) 
Oo O 


As was shown, the function FA (Kos Kas E-E') is appreciably different from zero only in the 
region Je-e? | s 1/k, adjacent to the line & = &'. Therefore, in (6.51) we can replace the 
rectangular region of integration by a square region with side equal to the smaller of the 


numbers x,x', which we denote by 7; thus we have 


x x! y y 
[a / de'F (kosKas6 - Et) * | ae f detP (Ko sKz,8 - &')- (6.52) 
O O O Oo 


Since the function BCKosks, 6-8") is even with respect to £-t', then, applying Eq. (6.26), 


we obtain the expression 


x 
2 (7 ~ eR (kgskyy8)a8- (6.53) 


for the integral (6.51). In most of the region of integration with respect to x and x!, the 
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quantity y is of order L. For values of K,,k, satisfying the inequality 1/K << L, we can 


3 
simplify the integral (6.53) Purther. The function FL (Ko, 3,6) is appreciably different from 
zero foré< 1/« << L. Since ¥ ~ L, we have ¥ - § ~ ¥ in the region which contributes appreci- 


ably to the integral, and the integral (6.53) takes the form 


Y 00 
or [BU kyoksyt)at~ 27 |W Cieapksy8)AE = 2x7 F(Osk aK), (6.54) 
O oO 


where o. is the three-dimensional spectral density of the refractive index fluctuations. Sub- 


stituting (6.54) into (6.50), we obtain 
rn L L 
F(Kp9kz90) = 3 K § (0K aK) / dx J dx’ min(x,x'). (6.55) 
O° O 


The integral figuring in (6.55) can be calculated in an elementary fashion and equals L?/3, 


Thus, the relation 
cL? 
F ,(k,0) =e K $k) (6.56) 


is valid for kK >>1/L. We have taken into account that 


§,(0, Koss) = cm Ve + <2) - G4) 


and 


/2 2 
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Eq. (6.56) relates the two-dimensional spectral density of the amplitude fluctuations of 
the wave to the three-dimensional spectral density of the refractive index fluctuations. It 
follows from this formule that the amplitude fluctuations of the wave do not depend on its 
frequency and are proportional to the cube of the distance traversed by the wave in the in- 
homogeneous medium. In a similar way, it follows from Fq. (6.44) that the phase fluctuations 
are proportional to the square of the frequency and to the distance traversed by the wave in 
the inhomogeneous medium. These results do not depend on the form of the spectral or struc- 


ture (correlation) function of the refractive index inhomogeneities. 


6.4 Amplitude and phase fluctuations of a wave propagating 
in a locally 1tsotropic turbulent flow 


We use Eqs. (6.44) and (6.56) to calculate the amplitude and phase fluctuations of a wave 
propagating in a locally isotropic turbulent flow. As was shown above (see page 58 ), in this 


case the structure function of the refractive index has the form 


ce e/3 forr >t, 
nN O 
D (>) = 
2.02 < 
of 2/ ES) forr <b. (6.57) 


The spectral density § (x) corresponding to (6.57) equals 0.033 of oil /3 for K << 1/t, and 
quickly falls off to zero for K ~ 1/t.. The way $4) falls off for kK ~ 1/t. is related to 
the form of the structure function DC) in the region r ~ t, and at present has not yet been 
ascertained exactly. We can adduce different spectral functions (x) which correspond to the 
form (6.57) of the structure function for small and large r. One such function was introduced 


on page 48, i.e. 


e -l1l 
0.043 Cc K [3 for kK < Kw 


$(k) = (6.58) 


O for K >K_, 
m 
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where Kn is connected with ty by the relation 


Kno = 5.48. (6.59) 


Substituting the spectral density (6.58) into Eqs. (6.44) and (6.56) for the spectral densities 


of the amplitude and phase fluctuations, we obtain 


0.21 KML tl/3 forkK<K., 
n m 
F(k,0) = (6.60) 
@) for K >Ky 
0.017 1202/3 fork <kK, 
nN m 
F ,(k,0) = (6.61) 


@ for K >K.. 
m 


The spectral density of the phase fluctuations has a non-integrable singularity at zero. 
Consequently, the field of phase fluctuations in the plane x = L.is a locally isotropic ran- 
dom field and is characterized by a structure function rather than by a correlation function. 


Using the formula (see page 23) 


D(P) = 4x f [i - J (KP) |F(K,0)KaK, (6.62) 
we obtain 
Kn 
D.(P) = lac (0.21 )k LC f [1 - 5. (xo)]«7 9 Fax (6.63) 


O 


2.2 
for the structure function D,(P). For Kp <<1,1- J (Ke) ~ xp" /4 over the whole region 


of variation of kK, and the integral reduces to the formula 


Dao) = 34h x*Lc2%e ~1/3 (p< tb). (6.614) 
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(We have used the relation (6.59) to express kK, in terms of Loe) For KP >>1, the integra- 


tion in (6.63) can be extended to », as a result of which we obtain [4] 
D.(0) = 2.91 «10207, (6.65) 


A formila similar to (6.65) was first obtained by Krasilnikov [42,44]. 

We now turn to the amplitude fluctuations. The spectral density (6.61) of the amplitude 
fluctuations is finite for kK = 0. Therefore, the field of amplitude fluctuations in the plane 
x = L is homogeneous and isotropic and the fluctuations have a correlation function B,(P)-« 


Using the formula (see page 24) 


oo 


B,(0) = 2x f 3,(ke)P,(k,0)KaK, (6.66) 
O 
we obtain 
K 
m 
B,(®) = 2x(0.017)L7Ce f x (Ko)K Pak. (6.67) 
O 


The value of the correlation function B (0) at P = 0 gives the mean square fluctuation of the 


logarithm of the wave amplitude: 


K. 
— Da m 
a (log +) = 2x(0-OLT)L°Ce f Kt ax, 
© O 
i.e. 
a,* 3, -7/3 
(log) = 2.46 coL7e | (6.68) 


O 


(the value of Kn is expressed in terms of Li). Thus, the mean square fluctuation of the 
logarithm of the amplitude depends on the dimensions of the smallest inhomogeneities of the 


refractive index [e] (on the inner scale of turbulence t) and is proportional to the 
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. 2 
characteristic Ca of the structure function of the refractive index fluctuations. According 
to (6.67) and (6.68), the correlation function of the fluctuations of the logarithm of the 


amplitude of the wave in the plane x = L, normalized to unity, is equal to 


1 
B 
b,(P) = 3.5) = f f 5 («8 et ae, (6.69) 


where §& = k/K a The function- (6.69) is shown in Fig. 8. The correlation distance of the 
amplitude fluctuations in the plane x = L agrees in order of magnitude with the inner scale 


of turbulence toe 


Balp) 
1.0 


0.8 
0.6 
0.4 


0.2 


-0.2 


Figs 8 The correlation coefficient of fluctuations of the 
logarithm of the amplitude in the plane x = L under 
the condition yAaL< 7 [f] ° 


6.5 A consequence of the law of conservation of energy 


It is appropriate to indicate an important property of the function B (Pe) - It follows 


from Eq. (6.61) that F (0,0) = 0. Since the correlation function is the Fourier transform 


of its spectral density, we have 
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1 
F (k,0) = BY (K5)K 3,0) = (en)° in cos(K 7 + Kx6)B,(n, b)dnde , 


and it follows from the equality F(0,0) = O that 


fo] 


ff BA(n,6)dande = an | B,(P) Pde = 0. (6.70) 


O 


Eq. (6.70) i8 a consequence of the law of energy conservation which itself follows from 


ox ° @ 


In fact, suppose that the region T containing the refractive index fluctuations is bounded 
by the planes x = 0, x = L end some "lateral" surface located at a finite distance from the 


origin of coordinates, and suppose that n, = Q outside of T. Moreover, suppose that the 


region T is imbedded in the region T, bounded by the planes x = -e and x=L+t+e. We inte- 


1 
grate Eq. (6.17) (which can be written in the form div grad 5, + & ox = ©) over the region 


T 


1 Applying Gauss' theorem, we obtain 


p ered, 8,do + ok Ly Xdydz - 2k [ | xavee = O, (6.71) 
x=L+e 


A=-€ 


where do is an element of surface bounding the region T. Since the quantity Sy is constant 


outside the region T (see Eq. (6.16)), then grad S, = 0 on the boundary of the region T,, and 


the surface integral vanishes, i.e. 
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However, the values of X on the planes x = L and x = L + € coincide. Since there are no 


amplitude fluctuations at the "input" to the region occupied by the inhomogeneities, we have 


If Xdydz = O-« 


=-€ 


Then it follows from Eq. (6.71) that 


if X(L,y,z)dydz = 0. (6.72) 


We multiply Eq. (6.72) by (L,y',z') and average. As a result we obtain the relation 


II X(L,y,z)X(L,y",2") dydz = Lf B,(n, 6)dnag = 0 (6.73) 


(7=y-y', ¢=2 - z'),which agrees with (6.70). Thus, the relation (6.70) must be satis- 
fied independently of the form of the structure function or the spectrum of the refractive 

index fluctuations. It follows from Eq. (6.73) that the correlation function of the fluctua- 
tions of any quantity X which satisfies a conservation law of the type (6.72) must change its 


Sign at least once. 


6.6 Amplitude and phase fluctuations of sound waves 


We now consider the problem of amplitude and phase fluctuations of sound waves. AS was 


shown in Chapter 5, the amplitude JI of the acoustic wave potential satisfies the equation 


2 
GW) G) 
AN+ 5 1+ el = 


Cc 


-VI=0- (6.74) 


alee 
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Dividing this equation by II and taking into account the identity 


2 
<7 = A log 1 + (¥ log T) 


3 


we obtain the equation 


2 
wo. 


2 
Cc 


2 
A log Il + (Vlog II) + 


ale 


4+ 24 = Vlog I= 0. (6.75) 


We set II = Aer? or log I = log A+ iS. Substituting this expression in (6.75) and equating 


the real and imaginary parts to zero, we obtain two equations 


eo > 

AA 2 W Wu. _ 

a= - (V8) +3 2G VS=0, (6.76) 

AS+2V log ArVS+ 2+ log A= 0. (6.77) 
Since |V S| ~ k = 2x/X , then as }~ O we can neglect the term A A/A in Eq. (6.76) 
(see page 94). Thus, Eq. (6.76) takes the form 

(7 s)2 28g s (6.78) 

. 6 ee eo e 


The velocity of sound ¢ figuring in Eqs. (6.77) and (6.78) is a function of the temper- 


ature T. Suppose the temperature T undergoes fluctuations T' about a mean temperature Ty? 


i.e. T= qT, + T'. Since the velocity of sound in the air is proportional to VT, we have 


1 
e~e (1 + or 
O 


lou 
DT 3 5 (1 - 
.@) ec 


T (6.79) 
Cc Oo 


Oo 


where Cl = e(T,) is the mean value of the velocity of sound. We shall regard T'/T and 


u/c. as quantities of the first order of smallness, and we set log A = log AS +X,Ss Sot Sy 


where X and S, are the fluctuations of the logarithmic amplitude and phase of the wave. 


Substituting these values of log A, S and c in Eqs. (6.78) and (6.77), we obtain 
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2 
(Vs) + (2V8,+9758,)+V 8, = 

2 Tt 2 T! ui. 
-k(L-) - S01 -P)o° (vs5+V78,), (6.80) 

.@) ‘@) O oO 

AS, +48, + Av log A+ 7X) + (VS +V75,) + 

2w Tt. y 
tele (V log A, + VX) = 0, (6.81) 


where k = w/e. The quantities By and log A, of the zeroth order of smallness satisfy the 


equations 


Assuming that the unperturbed wave is plane, we set AS = const and 


O 


where m is a unit vector in the direction of propagation of the unperturbed wave. Equating 
to zero the terms of the first order of smallness in (6.80) and (6.81), we obtain the equa- 


tions 


' 2 7.7? 
275 -VS=-k a - ao EE, (6.83) 


2VS,°VxX +458, = 0, (6.84) 


for the validity of which it is necessary that the conditions 
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IV so] >> |V 8,| or MV S,| << 2x (6.85) 


be satisfied (see page 95). Eq. (6.84) agrees with Eq. (6.15), which was obtained for electro- 


magnetic waves (recall that V log A, O). Eq. (6.83) can be written in the form 


2, T + U 
V8, ° V9 8, =k (- gr > mst) 
Oo O 


peep egebe- Mt, (6.86) 


All subsequent results can be obtained from the corresponding formulas for electromagnetic 
waves if in them we take n, to be the expression (6.86). 

By using (6.86), the structure function D(x) of the refractive index can be expressed in 
terms of the temperature structure function Daal r) = con! 2 [g] and the wind velocity structure 


function D,4(r)s i.e. 


D,(r) = [a (r)) - ny (#5)]° = m2 Daybr) + x m,MDjy(FysFp) + 
O oO 
1 We 
+ Toc, m. [r (ry) - T (r,)] [u, (r,) - u,(7,)] (r = ry - ro). 


But the cross correlation function of the fluctuations of temperature and wind velocity 
vanishes in a locally isotropic field (see note [c] to Chapter 5), so that the last term 


drops out of the equation. Since 


Dif?) = Deeds, + (Den - Dey), (6.87) 
where n is a unit vector directed along r, we have 


2 
mmD = Diy + (D_. - D,,)cos a, (6.88) 
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where cos a = mn. In a locally isotropic turbulent flow, Din = Cy at 


Thus we have 


1 2 
mmD = ZC (4 - cosa) re! 


4 Vv 
and 
O O 
C. C 
ee Re a a a gE D7 bo 
Dr) = ne +3 2 (4 ~ cosa) |r“. (6.89) 
O O 


Thus, it follows that the structure function of the refractive index of sound waves depends 
on the angle between the direction of wave propagation and the direction of the line joining 
the observation points. The expression (6.89) goes under the integral sign in Eq. (6.28) and 
in the analogous formula for the correlation function of the amplitude fluctuations of the 
Wave. However, in most of the region of integration cos a ~ 1 for — << L. Therefore, we can 


write approximately 
2 a 
_ it, “v.2/3 _ 62 2/3 
D(r) = + 2 r =Cr . (6.90) 
O 


Thus, the amplitude and phase fluctuations of a plane sound wave are approximately described 
by the same final formulas as the corresponding fluctuations of an electromagnetic wave, if 


we take co to be the expression 


CL = Tot: (6.91) 
km eC 
re) O 


An exact calculation based on Eq. (6.89) gives the same formula (6.65) for the structure func- 
tion of the phase fluctuations of a sound wave as for the fluctuations of an electromagnetic 
wave, but with a value of the numerical coefficient which is changed by a few percent [46] . 
The expression for the amplitude fluctuations of a sound wave agrees with Eq. (6.68) to an 


even higher degree of accuracy. 
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6.7 Limits of applicability of geometrical optics 


The theory of amplitude and phase fluctuations of electromagnetic and acoustic waves 
which we have just considered was based on the equations of geometrical optics, which are 


valid when the condition 
<< to (6.92) 


is satisfied. However it is easy to see that in some cases this condition is not sufficient 
for the solution obtained on the basis of geometrical optics to remain valid when diffraction 
effects are taken into account. We can convince ourselves of this by using the following 
simple argument [47]. 

Let an obstacle with geometrical dimensions 4% be located on the propagation path of a 
plane wave. At a distance L from this obstacle we obtain its image (shadow) with the same 
dimensions £. At the same time, diffraction of the wave by the obstacle will occur. The 
angle of divergence of the diffracted (scattered) wave will be of order @ ~ n/t. At a dis- 
tance L from the obstacle the size of the diffracted bundle will be of order 6L ~ XL/2. 
Clearly, in order for the geometrical shadow of the obstacle not to be appreciably changed, 
it is necessary for the relation x <<tor JL <2 to hold. When there is a whole set of 
obstacles with different geometrical sizes, it is obviously necessary that this relation be 
satisfied for the smallest obstacles, which have the size Loe Applying a similar argument to 
the problem under consideration, we convince ourselves that the solutions we have obtained 


are valid only in the case where the inequality 


VL << 4. (6.93) 


is satisfied, where to is the inner scale of the turbulence. In other words, the theory of 


amplitude and phase fluctuations based on the equations of geometrical optics is valid only 


for limited distances L satisfying the condition 


(6.94) 
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A more detailed analysis shows that the conditions (6.92) and (6.93) are sufficient for agree- 
ment of the amplitudes and phases of the solutions obtained by using the equations of geometri- 


cal optics and those obtained by using the wave equation [48,49]. We shall also arrive at the 


same conclusion in Chapter 7. 
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Chapter 7 
CALCULATION OF AMPLITUDE AND PHASE FLUCTUATIONS 
OF A PLANE MONOCHROMATIC WAVE FROM THE WAVE EQUATION 


USING THE METHODS OF "SMALL" AND “SMOOTH” PERTURBATIONS 


7-1 Solution of the wave equation by the method of small perturbations 


AS we have already seen in Chapter 6, even when the condition A << t, is met, the solution 
of the problem of amplitude and phase fluctuations of a wave which we obtained using the equa- 
tions of geometrical optics becomes unsuitable for large distances L, which exceed the critical 
distance Ler = L°/d. At large distances one can no longer neglect the diffraction of the wave 
by refractive index inhomogeneities, regardless of the smallness of the diffraction angle. In 
order to take account of diffraction effects in solving the problem of parameter fluctuations 
of a wave traversing an inhomogeneous medium, it is necessary to start from the wave equation 


(6.3), 1.e. 
Aut 1 n*(T)u = 0. (7.1) 
Setting 


n(r) =] + n, (7) (7-2) 


as in Chapter 6, and assuming that In, ()| << 1, we apply the method of small perturbations to 
solve Eq- (7.1). To do so, we look for a solution in the form of the sum of an unperturbed 


wave u); which satisfies the equation AU, + Ku, = QO, and a small perturbation u 


? i.e. 


Substituting (7.2) and (7.3) into Eq. (7.1), and taking into account that Au + Ku, = 0, we 


obtain 
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2 2 22 
A u, + k u, + én,k (a, + u,) +k nj (u, + u,) = 0. (7.4) 


The last term in the equation is of order nt 


or more precisely that [u/ayl < ny» then in Eq. (7.4) we can also neglect the term n,(F)u,- 


and can be omitted. If we assume that jul<]u,|, 
Then we obtain the equation 


2 2 > 
Au, + ku, =- & nj (r)u,, (7-5) 


which is valid when the condition 
[u, | < Jul (7.6) 


which expresses the smallness of the fluctuations of the field, is satisfied. 


Let the unperturbed wave UY, have the form 
Uu = A e °, (7-7) 


where Ay and 56 are its amplitude and phase. To find the amplitude and phase of the perturbed 


is 


wave u=u + u,, we set u= Ae”. Then log u = log A+ iS and by (7.3) and (7.7), we have 


1? 


u 
1 
log u= log A+ iS = log(u, + u,) = log Wo + log (. =) ° 


Since [u,/a,| << 1, then 
and 
u 


u u 
1 1 
log (+2) 3 
@) O 
L 


log A+ 15 = log Ao to FUL 
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Separating the real and imaginary parts of the last equation, we find 


Uu 
A 1 
log A 7 X= Re 1? (7-8) 
{e) .@) 
"1 
5-8-8, -Iny- (7-9) 


{.e The equations of the method of smooth perturbations 


The equation (7.5) and the formulas (7.8) and (7.9) just obtained are valid in the case 
of small amplitude and phase fluctuations, i.e. when | x| << 1 and Is, | << 1. These conditions 
are much more stringent than the condition AV S, | << en, which was needed in order to apply 
the method of small perturbations to the equations of geometrical optics. In order to avoid 
this restriction, it is natural to try to apply the method of small perturbations to the equa- 
tion 


C2,> 
r) 


OU Kn (FT) = A log ut (V log u)~ + kn = 0, (7.10) 


which contains only derivatives of log u, rather than directly to Eq. (7.1) [a]. 


We set log u= log A+iS = y (Re y = log A, Imy=S). Then we have 


Ar+ (V y)* + «(1 + n,(#))* = 0. 


(7-11) 
We then set ff = Vo + V3 Yo satisfies the equation 
Ayi+(V ¥,)° tk 20. (7.12) 
Substituting y = Ve + Vy in Eq. (7.11) and taking into account (7.12), we obtain 
Av, +V vi (2V Vi+tV ¥,) + 2k“n, (F) + Kn’ (Z) = 0. (7.13) 
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22,7 
In Eq. (7.13) we can omit the term k nj (r) which is of the second order of smallness. In the’ 


case where |V v5 | << |V Vol or more precisely where |V vi < n, |V Vol we can also neglect 
2 
) 


the term (Viv, in (7.13). Finally we obtain the equation 


2 > 
Av, +2V¥5+ VV, + 2n,(F) = 0, (7.14) 
which is valid when the conditions 
In(e)l<«<1, |v¥|l<«K<IVv¥ (7215) 
are met. Since IV Vol ~ks= Ort /2 » the second condition (7.15) ean be written in the form 
VW, | <K ex 


and expresses the smallness of the change of LAT over distances of the order of a wavelength. 


By using the substitution Wy =e Ow, Eq. (7.14) can be reduced to the form 


, ¥ 
Aw +t kw + 2n“n, (Be ° = 0. (7.16) 


¥ 
Since e ° = u., Eq. (7.16) coincides with Eq. (7.5) obtained by the method of small perturba- 


O 


tions. Consequently, w= u, and vy =e We u, /a,« We now find expressions for the amplitude 


1 


and phase fluctuations of the wave. Since 


Wy = log A+ 18S and Wo = log AL + 18, 
we have 
Vo=W-y slog —t+i(S-S)=X+4i8.. 
1” O A, O 1 
Therefore 
U 
A 1 
—— = —_ = _—— el 
log 5 x Re Vy Re > ) (7 7) 
O O 
ba 
- = = = — e -18 
S-S =8,=Iny,=Imz (7-18) 


125 


Eq. (7.16) and the formulas (7.17) and (7.18) agree formally with Eq. (7.5) and the formulas 
(7.8) and (7.9). However, for the validity of these expressions the conditions AlV s, | << Ox 
and A|V X| << 1 have to be met, rather than requiring the smallness of the perturbations X and 
S themselves. As we shall see below, the inequality |x| < [s_ | is usually satisfied. There- 
fore, when the inequality A|V S| << 2n is satisfied, the inequality IV x| << 1 is satisfied 
also. Thus, to apply the method of solving the wave equation presented above, the 


conditions [| 
InjJ «<i, lV 8,| << On (7.19) 


must be met; these conditions are the same as those for applying the method of small pertur- 
bations to the equations of geometrical optics. As is well known, the solution of Eq. (7-16) 


has the form 


. 2 . ,. atk[r- r'| 
wz) = [ a, (F")u,(F") - av". (7.20) 


(The integration in (7.20) extends over the region where n, (7) is different from zero.) For 


the quantity V, = w(z) /a (7), we obtain 


. 2 . ,. ekir-r'| 
¥, (2) = ——{ fae yu (r') woe av't ° (7-21) 
exu (r © |r - rt | 
V 


The function (7.21) is the general solution of Eq. (7-14) for any function V, which satisfies 
the equation Vy, + (V ¥,)° tk = 0. 

We now consider the problem of fluctuations of a plane monochromatic wave, confining our- 
Belves to the case where the wavelength A is small compared to the inner scale of turbulence 


toe We locate the origin of coordinates on the boundary of the region occupied by the refrac- 


tive index inhomogeneities, and we direct the x-axis along the direction of propagation of the 
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incident wave. Then u(r) = Ae and Eq. (7.21) takes the form 


2 ik|r - r'| 
>, =k >,\ -ik(x-x') e 
¥, (>) = On f n,(r! Je on av‘. (7.22) 


V 


In the case where \ << 4, Eq. (7.22) can be greatly simplified. In this case, the angle of 
scattering of the waves by refractive index inhomogeneities is of order no greater than 

8 =A/t and is thus small. Therefore, the value of ¥, (2) can only be appreciably affected by 
the inhomogeneities included in a cone with vertex at the observation point, with axis direct- 


ed towards the wave source, and with angular aperture 0 = d/t << 1. In most of this region 


x- x'| > V(y - yt)* + (z- 2t)e, 


Therefore we have 


BaF] a Vx- xt)? + (y-y')? + (2-21)? = 


(y - y')© + (a = 2t)® (y = yt)© + (2 - 21)* 
~ (x - x") |] + ——————__-5-— | = (x - x') + : 
(x = x!) 2(x - x') 
ik|r-r' | 


Substituting this expansion in e and retaining only the first term of the expansion in 


the denominator of (7.22), we obtain the approximate formula 


2 2 
yoy) + (2 = 2! 
2 _ exp @ 4 ) 
1 (r) = a fs (r') e(x = x!) av'. (7.23) 
1 on 1 x - x! 
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It is not hard to show that the function (7.23) is the exact solution of the equation 


2 2 
3 Vy Oy 
3 +3 
Oy Oz 


oy 
+ Bik —+ + 2“, (x) = 0, (7.24) 
Ox 


1 


obtained from Eq. (7.14) by omitting the term o°y, /ox*. We note that by retaining only the 
first two terms of the expansion 


k)e = Et] = k(x - x") + kp°/2(x - xt) + ko'/B(x - x!)P 4 en. 


we change the phase of (7.21) by an amount of order Kp /(x - xt)?, Since p ~ OL ~ AL/e and 


(x - x') ~ L in the important region of integration, then the error permitted here is small if 
Mm 
L< ue)? (7.25) 


Since A << os the quantity wh? is much larger than the distance Lior = Le/x, which deter- 


mines the limits of applicability of geometrical optics. 


7-3 Solution of the equations of the method of "smooth" perturbations 


by using spectral expansions 


We shall begin with Eq. (7.24) in order to solve the problem of amplitude and phase fluc- 
tuations of a sufficiently short (’ < L) plane wave. We use a method of solving Eq. (7.2) 
which is based on the use of spectral expansions (just like the way we solved the equations of 
geometrical optics in Chapter 6). In a turbulent mediun, n, (z) is a locally isotropic random 


field. To represent n,(r), we apply the representation (6.35): 


(ee) 


i(k,y + K,z) 
n, (x,¥)2) = n,(x,0,0) + [| ~e 23 Jav(kgskse)- (7.26) 


—& 
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We shall look for the same kind of expansion for v,(), i.e. 


v7) = ¥,(x,0,0) + if E - 2 oy ’ 2 akg) 


Substituting the expansions (7.26) and (7.27) into Eq. (7.24), we obtain 


°° i(kK.y + KZ) ay. (x,0,0) 
Lf («5 + Ks)e e ? dep (Ko 9K 9X) + 2ik oe + 


+ 2ik ly : - 2 y* on) 8 3 FC Ka 9K x5) + ox n 1(%,9; O) + 


J 
© 
e 


. i(k.y + Kz2) 
+ 2K° Lf -e ° ? |av(iegokyp3) 


2 2 2 
Setting y = z= 0 in this equation and writing Ko + Kz = K , we obtain 


i K “a0(Ky sks »x) + 21k ——————— x + Ok n,(x,0,0) = 0. 


We subtract Eq. (7.29) from Eq. (7.28), i.e. 


co 


ff ; ap ; okey + awl + 


—00 
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° i(kK,y + Kz 9 
4+ 2ik Tl f -e Sy dO(K 59K 35%) + 


+ Ke rr h ; toy + 3 avtkgak px) = 0. (7-30) 


It follows from Eq. (7.30) that the random amplitudes Av (Kos K x 5X) and d9( Kos K 9) are related 


by the differential equation 
2ik 3 AD(K,»K5,X) = Kalk Kz9X) + 2x av(K K,,x) = 0. (7.31) 
Ox 2? 3? 2? 3? 2) 3? 


The solution of this equation which goes to zero for x = O (the fluctuations of the field 
vanish at the boundary of the region filled with the refractive index inhomogeneities) has the 


form 


x 


. o ' 
89(K ok 55%) = ik f ax! ox|- EEN alaska!) (7.32) 


ok 
O 


(The integration in (7.32) is carried out with respect to x'; see note [ce] to Chapter 6.) 
We now find the relations between the spectral amplitudes of the field Sy of the phase 
fluctuations of the wave and the field log(A/A.) of the fluctuations of logarithmic amplitude 


of the wave. Using the formula X = Re y, and the expansion (7.27), we obtain 


i . i(k y + Kz 
X(r) = Re ¥, (x, 0,0) + Re [/ f -e dp (K 59K 29x) = 
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ar i(k,.y + K,z) 
= Re ¥(%,0,0) +3 Lf E ~e = y ]aolkgstse) + 


~ ~i(kK,y + K,2z) 
1 o 


Changing variables from Kok to “Kos “Kz in the last integral, we find 


X(r) = Re y,(x,0,0) + 


. ll h ; key + 3 dD(K 5K 55%) , dp*(-K 55 -K 35x) . (7.35) 


In a completely analogous way, we obtain for S, = Im Wy the formula 


1 


+ 
S_(r) = Im v1 (x, 0,0) + 


if 
El 


' rf i ; ikey + 3) 40(K 59K 59%) - dD* (-K 55 -K 5X) . C73) 


Denoting the spectral amplitudes of the random fields X(r) and 8, (7) by da(K5,Kzsx) and 


do (Koy Kz 5%) ( as in Chapter 6) and using (7.33) and (7.34), we obtain 


L31 


d0(K.;Ka,X) + AQD*(-K,,-K,,x) 
da(K pK 9%) 22 - e_ 2 ; (7.35) 


G0 (K 53K 55%) 7 adcp*( “Kos ~K zs) 


do(K,5Kk ) 5T . (7.36) 


37% 


Substituting the expression (7.32) for dp (K 59 Kz) into these formulas, we obtain 


x 


2 ft 
da(ksK 5x) =k f dx! sin [AO Dar(kasKyx") ; (7.37) 
.@) 
x 2 
do (Ky Kg5X) = [ ax' cos SHEN av(Kegotesy 3!) (7.38) 
re) 


The physical meaning of Eq. (7.22) or of the equivalent Eqs. (7.37) and (7.38) is trans- 
parent. Inhomogeneities of the wave field characterized by the wave number K (i.e. by geo- 
metrical dimensions 4 = 2nr/k) are "made up" by the superposition of refractive index inhomo- 
geneities dv(K 9K 55x") characterized by the same wave number kK (i.e. having the same geo- 
metrical dimensions 4 = 2s/k). Moreover, the refractive index inhomogeneities with dimension 
£ which are located at a distance x - x' from the observation point appear with weight 
sin(xA“/2*) or cos(aA~/t°), where A“ = A(x - x') is the square of the radius of the first 
Fresnel zone. In other words, the weight of a refractive index inhomogeneity depends on the 
relation between its dimensions and the dimensions of the Fresnel zone. Using the relations 
(7.37) and (7.38) between the random spectral amplitudes of the refractive index and of the 
fluctuations X and Sy: we can find the relations between the spectral densities of the corre- 


sponding structure or correlation functions. We multiply Eq. (7.37) by its complex conjugate 


* 
da (Ki 9K 35x) i.e. 
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x 
oO 
t _ tt 


O 


Averaging, we obtain 


x x 
2 
2 ' ( _ yt! 
da(k,,k,,x)da*(k5,«5,%) =k [ dx! f dx" sin|* = x ; x 
O 


oO 


2 rt 
x sin ame BV KeypKxyX" AV*( KE, KE, 2" ) (7.39) 


But according to the general formula (6.36), we have 


dV(K 59K z9x)dv*(K4,K3 5X) = 

= 8(K,, - Ka) B(K, - Ks B (Kos Ka 9x" ~ x" )dK dk dK 5dK 5 (7.40) 
and 

da(k,,K,,x)da*(K5,K3,x) = 

= 8(K, - KB)8(K; - KE )B (Ky ska) 0) dk dk dk dk, (7.41) 


where F (Kos Kgsx! ~ x") is the two-dimensional spectral function of the refractive index and 
B (Kos K x10) is the two-dimensional spectral density of the structure or correlation function 


of the fluctuations of X in the plane x = const. Substituting (7.40) and (7.41) into Eq. (7.39), 
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we obtain 


ek ok 


x X 
e ' -) it 
F lk y9K5)0) = 2 f [ sin [OE = sin Oe =) ’ 
OO 


x By (Ko Kx 5x" - x" )dx'dx"” . (7.42) 


Similarly, from Eq. (7.38) we can obtain the relation 
x X 
2 2 
2 K(x - x') K(x - x") 
Fy (K5sK5,0) =k I/ cos oe ; cos | aie x 
00 


x FL (KysKgsx! - x )dx'dx" . (7.43) 


The relations (7.42) and (7.43) can be greatly simplified. First of all we note that 
B (Kas Ky! -x")=F (Kos Ks x" - x'). Then,in (7.42) and (7.43) we introduce new variables 
of integration &§ = x' - x" and 27 = x' + x". ‘The integration with respect to 7 can be carried 


out explicitly, since FA does not depend on 7j. As a result, we arrive at the formulas 


B{KosK230) = 
~ fs ee we ee we On 8) 
- f 40? - 5) cos E+ Be sin SE - Soin FL (KpsKgs6) a8, 
K K 
° (7-44) 
By (Kos K330) = 
L 
2 3 2 5) 2 
= f KL - &) cos a - < sin — + « sin x (2 ~ 8) Fr (Kos n96)dE- 
K K 
O (7-45) 
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(Here we denote the coordinate x of the observation point by L.) As has already been repeated- 

ly pointed out, the function F(kosK356) falls off very rapidly to zero for Kt >1. Therefore, 

the important contribution to the values of the integrals (7.44) and (7.45) occurs for ES . 
h 1 KE K 

In the region E< x Wwe have 7" <$ Kk We assumed above that the wavelength A’ is much less 

than the inner scale of turbulence toe But a ~ 1/k,» where Kn is the largest wave number for 

whi ch B (Kk, &) still differs from zero. Therefore we have 1/k < 1/ky and K/k < K /K <1. 


2 : 
Thus, K g /Ok << 1 in the important region of integration and we can write 


2 2 2 2 
Ke YL _ KEL KE sin k (aL - &) _ .. KL 
cos ae 1, sin a” Oe? ae sin > - 


We shall be interested in the structure (or correlation) functions of X and S, only for values 


1 
of the arguments which are small compared to L. ‘This means that in (7.44) and (7.45) we con- 
sider only values of K which satisfy the condition 1/k << L. Since € s1/k in the important 
region of integration, then within this region we have § <<L. Taking all these simplifica- 


tions into account, we obtain 


L 5 2 
k K 
O 
L 
p) 
Fa (K5sK 330) ~ [ ( +S sin =) B(kosk 3,6) ae . (7.47) 
C 


Since the function F (Kook ,¢) falls off rapidly to zero for large &, the integration in 


3 
(7.46) and (7.47) can be extended to infinity, without appreciably changing the values of the 


integrals. Since 
oo 
| F(KosK a6 )d8 = 1 Q (OsK 5K )s 
O 


where G(x) is the three-dimensional spectral density of the refractive index structure func- 
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tion (see Eq. (1.53)). Eqs. (7.46) and (7.47) take the form 


F(KasKk 


2 
390) = kL, ( - a sin <= 9 (0, k5.Kz) ’ (7.48) 


K 


F(K55K 3,0) - kt (1 4+ = sin — § (0,553) . (7.49) 


In the case where the refractive index field ts a locally isotropic random field, we have 


2 ya 2 
9 (ky .KosKs) = 0 ( VK, + Ky + Ks ). 


Therefore, recalling that 


2 2 2 
Ko = Ko + Ky PA(KosK3,0) = F ,(«,0) ; Bg (Kos K-35) = F(K,0); 


we have §,(0,K.K5) = otk), and Eqs. (7.48) and (7.49) finally become 


F(K;0) = kL (1 - a sin 2) 9 {k) , (7.50) 
K 


F.(K,0) = «kL (a. 2 sin ) G fk) . (7.51) 
XN K 


Eqs. (7.50) and (7.51) relate the two-dimensional spectral density of the structure 
(correlation) functions of the amplitude and phase fluctuations of the wave in the plane x = L 
to the three-dimensional spectral density of the structure (correlation) function of the 
refractive index. Using Eqs. (1.50) and (1.51) we can go from the spectral densities F,(k,0) 
and F.(K,0) to the structure (correlation) functions of the amplitude and phase of the wave 


S 
in the plane x=lL, i.e. 
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D,(e) = IX(L,y,2) - X(Lyyt,z'|* = der f {i - J (Ke) ]F,(K,0)KaK, (7.52) 
D(9) = |S, (L,y,2z) - S,(L,yt,2") |* = hr f [i - J,(ke) JF, (k,0) Kak, (7-53) 
Oo 
where o = (y - yt)© + (2 = 2), 


7.4 Qualitative analysis of the solutions 


Using Eqs. (7.50) and (7.51), we can draw some general conclusions about the character of 
the amplitude and phase fluctuations of the wave. It follows from Eqs. (7.50) and (7.51) that 
the phase fluctuations are always larger than the fluctuations of logarithmic amplitude [ec]. 
As K~> 0, we have 


as a 
n > . 


1 ik si i 
~ 27 “k 6 .2 
KL kk 6 y 


Therefore F (0,0) = 0 if $k) goes to infinity at K = O no faster than Kt. This implies the 


existence of the correlation function 


1°.) 


BCP) = 2x f J(Ke)F (kK, 0)KaK, (7.54) 


O 


of the amplitude fluctuations, which satisfies the equation (see p. 114) 


wo 


f B,(p) pap = 0. (7.55) 


O 


Bq. (7-55) i8 a consequence of the law of energy conservation (see the analogous equation (6.70)). 
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We now consider the general character of the behavior of the correlation function of the 
amplitude fluctuations. It follows from Eq. (7.50) that the two-dimensional spectral density 
of the correlation function B as p) ts the product of two functions: the three-dimensional spec- 
tral density $k) of the structure function of the refractive index fluctuations and the 


2 
function ¢ - <=) sin’ <. In the general case, $ Ck) has the form shown in Fig. 9. 
KL 


b,(K) 
\ 
\ 
\ 
\ 
1.0 —-—-— --e eee ee 
@) 
eT/Lo 271/£, K 


Fig. 9 General form of the spectral density 
of the refractive index fluctuations. 


In the region of small scales which are much less than £, i.e. for K >> ax/t the func- 
tion > (K) is equal to zero or is negligibly small. For smaller values of kx, lying between 
ax /L, and an/t (Ll is the outer scale of turbulence), O (x) grows as K decreases (since the 
refractive index fluctuations which are larger in size are related to the large scale inhomo- 
geneities). In the case where the refractive index fluctuations obey the "two-thirds law", 


11/3 


$ («) is proportional to K_ in this region, but in the general case its appearance in this 


region can be different. For kK < 2x /Los the growth of (RCS Slows down; this is connected with 
the fact that the refractive index fluctuations are finite. Strictly speaking, in this range 


of sizes the function } AK) loses its meaning, since the structure function D (tp then 


>) 


depends on each of the arguments qr and r separately, and it is impossible to represent it in 


2 
ad 
the form of a spectral expansion of the type (1.41). The function f(x) -( - *\sin a is 
4 2 e. 2 KL 
lk L K ak On . 
approximately equal to 7 —~s~ for [- <1. For kK =¥— =\/—— , the function f(k) is equal 
k k L AL 
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unity, and for large values of k » f(k) approaches unity, undergoing smaller and smaller oscil- 


lations. The characteristic scale of this function is the quantity Ka” aa - Fork < Ko? 


1 xt? VAL On 
f(k) ~ Zs » and for kK >> Ko? f(k) ~ 1. Depending on the size of the parameter K_ = 
k 


Or © XE 


the following relative positions of the points Ky ; on and —— are possible: 


L L 
O O 
) +>2,9 d<ach, 5 4ed, 
VAL VAL O VAL 
We consider first the case where — > - In this case the relative position of the 
VAL fe) 


curves $ (x) and f(k) is shown in Fig. 10. 


21/Lo am /£o Ko K 


Fig. 10 Relative position of the curves qd. (xk) and (1 - —— sin == < 


in the case /AL << toe 


42 
1K 
For all values of kK < 2n/L the function f(x) is approximately equal to 4 : - There- 


fore, we have 
1 3,4 
F (Kk, 0) = é tL“ kK $(«) (7.56) 


"and 
F(K,0) = 2ck"L F(x) , (7.57) 
‘Since in this case 1 + = sin KL ~ 2. Eqs. (7.56) and (7.57) are valid when the condition 
K 
iE << 4, is met, and agree with Eqs. (6.44) and (6.56), which were obtained in Chapter 6 by 
using the equations of geometrical optics. In the case under consideration (see Fig. 10) the 


product of the functions $k) and f(k) has a maximum near the point ax /t and is equal to zero 
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(or negligibly small) for K > an /t« Thus, in the case where /AL << 4 the spectrum of the 
correlation function of the amplitude fluctuations is concentrated near the point ax /t (i.e., 
in this case refractive index inhomogeneities with scales of the order t have the greatest 
influence on the amplitude fluctuations). It follows from general properties of the Fourier 
transform that the correlation function B pe) has a characteristic scale (correlation distance 
of order oe This general conclusion is illustrated by the example given in Chapter 6 (see 
Fig. 8). 


We now consider the case where the system of inequalities = << — < > or 


LOE “0 


t, << VAL <<L, holds. In this case the relative position of the curves $k) and f({K) is 


Shown in Fig. ll. 


\ 
\ 
\ f(K) 
\ 
opp AL Na 
\ 
@,(K) \ 
@) 
21/Lo Ko 277/£o K 


K 1 


K 
Fig. 11 Relative .position of the curves G fk) and (1 - = sin =) 
K 


in the case t, << /AL << L.: 


The product of O (xk) and f(k) has a maximum near the point Oxf /TX and goes to zero for 
K > 2n/t The behavior of the function oO («) for K < Qn /t has almost no effect on the chai 
acter of the function F (k,0) = xk LE(K)§ (kK); since in this region the function f£(k) is near 
zero. Thus, in the case where - < VAL << Lo» the spectrum of the correlation function of 1 
amplitude fluctuations is concentrated near the point Ort / JL (i.e., the refractive index inh 
geneities with scales of order J>L make the largest contribution to the amplitude fluctuatic 
of the wave). It follows from this that the correlation function of the amplitude fluctuatior 


in the plane x = L has a characteristic scale (correlation distance) of order \/AL. Below we 


Shall give a concrete example of such a correlation function. 
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Finally, we consider the third case, where the condition a<«s or VAL o> Lo is met. 
VAL fe) 


The relative position of the curves (Ce and f(x) in this case is shown in Fig. 12. As can 

be seen from the figure, in the case under consideration the chief contribution to the spectrum 
of the correlation function of the amplitude fluctuations is made by large scale inhomogeneities 
in the interval (Lj, VAL). However, it must be pointed out at once that in the range of scales 
exceeding Los the refractive index field is not a locally homogeneous and isotropic random field. 
Therefore, strictly speaking, for such scales the structure function of the refractive index 
field depends on the coordinates of both points of observation, and for it one cannot define a 
spectral density § (x) of one argument, even a vector argument. ‘The same thing obviously 
applies as well to the spectral densities F,(k,0) and F,(K,0) of the amplitude and phase fluc- 
tuations of the wave, since the latter are proportional to $6 kK). The functions F,(k,0) and 
F..(k;0) have meaning only in the region k > ex/L,« Therefore, one can speak of the structure 
functions D,(e) and D.(p) of the amplitude and phase fluctuations of the wave only for p < L)- 
For large values of p, this function begins to depend not only on the distance p between the 


observation points, but also on the location of these points in the plane x = L. 


“0 2m/Lo 2m/e, * 


Fig. 12 The relative position of the curves 
Kk KL 
(x) and (1 - — sin == 


}in the case //AL >> Ls 


Let us examine the form of the spectral densities F(K;0) and F(k,0) for K > 2x/Lo« In 


2 
this region the function f(x) =1- sin a ~ l] and 1 + = sin < ~ 1. Therefore, we have 
KL KL 
er 
F,(«,0) ~ By(k,0) = xkL F(x) (k 2 e). (7.58) 
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Thus, for J/AL > L.,» the two-dimensional spectral densities of the structure functions of th 
amplitude and phase fluctuations of the wave are equal to one another in the range K > ex/L 
and proportional to the three-dimensional spectral density of the structure function of the 
refractive index fluctuations. Consequently, in the region p< Lo the structure functions 


D,(e) and Dg (0) are equal to 


D,(0) = DP) a bet ie“ | [1 - Z (Ke) | Gg, (kK) Kak . (7-59) 


In this case, the fluctuations of the amplitude and phase of the wave are proportional to the 
distance I, traversed by the wave in the turbulent medium. 

In the region ¢ x los the form of the structure functions Da and De depends in an essen- 
tial way on the character of the largest scale components of the turbulence, which are not 
homogeneous and isotropic and therefore cannot be universal. We can only assert that, since 
F (0,0) = 0, the mean square amplitude fluctuation of the wave is always finite and does not 
depend on refractive index inhomogeneities with scales larger than Jal . 

If we assume that the random refractive index field is statistically homogeneous and iso- 
tropic for all scales (such an assumption is made in many papers, despite the fact that it is 
not adequately justified, because it considerably simplifies the solution of the problem), the 
we can draw further conclusions about the character of the amplitude and phase fluctuations of 
the wave. In this case, the fields of the amplitude and phase fluctuations of the wave in the 


plane x = L are also homogeneous and isotropic, so that they have correlation functions 


(°,¢) 


B Ce) = On | J, (Ke)F (Kk, 0)KaK ; (7-60) 
B.(p) = 2x { T,(ke) Fa(k,0)KaK (7.61) 


Substituting the expressions (7.50) and (7.51) for F ,(k;0) and F(k,0) into Eqs. (7.60) and 


(7-61), we obtain 


BCP) = One “L | J (ke) (1 - = sin Ly § (1)Kax . (7.62) 
K 
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B(e) = 2n kL i x,(ke)(1 4 = sin Ky O(K)KaK . (7.63) 
K 


As can be seen from Fig. 12, for VAL >> Ls the function (4 sin ty ) g. (kK) coincides with 
K 

$k) over almost all of the region of integration, with the exception of a small piece of the 

spectrum where kK < 2x / Jr - Since the integral over the segment 0 < kK < ex / JAE is small 


compared to the integral over the whole range of K, we have approximately 


B,(p) = Bo(p) = 2n2K%r { 3 (ke) T(k)Kak . (7.61) 
O 
However, it should be noted that if we discard the quantity “— sin eh in Eq. (7.62), we 


K 
obtain the expression nk “L. $ AK) for the spectral density of the correlation function of the 


amplitude fluctuations of the wave, an expression which does not go to zero at K = 0. There- 
fore, the expression for B,(e) which was obtained using Eq. (7.64) will not in general satisfy 
the relation (7.55), which is a consequence of the law of conservation of energy; this can 
sometimes lead to physically meaningless conclusions. 


In the case being considered, the functions B(r) and $ Ck) are connected by the relation 


(1.25), i.e. 


oo 


f B(r) sin(kr)rdr . 


O 


B(k) = 


On K 


Substituting this expression into Eq. (7.64) and changing the order of integration, we find 


B,(p) = BaCe) = kL f a (r)rar [ 3 (kp) sin(kr)ax « 


eo) 
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Taking into consideration that [53] 


oo 


f J (ke)sin(kr)dk = 


O 


we obtain the formula 


B (9) = B, (0) = kL, [ B, G + x° ) ax ( JAAL >> Lo) ; (7-65) 


which relates the correlation functions of the amplitude and phase fluctuations of the wave in 
the plane x = L to the correlation function of the refractive index fluctuations. Setting 
op = O in Eq. (7.65), we obtain an expression for the mean square amplitude and phase fluctua- 


tions of the wave: 


xP 2 se Pt | B(x)ax « (7.66) 
O 
The quantity 
L =-4 | B (x)ax =—2 [ B (x)ax (7.67) 
n B (0) n ~ 5 n ; ° 
.@) al @) 


which agrees in order of magnitude with the outer scale of turbulence, is called the integral 


scale of turbulence [d]. Substituting (7.67) into (7.66), we obtain the formule 
x" = 9 = nt KIL, « (7.68) 


It follows from Eq. (7.68) that for /xL >>L., the size of the amplitude and phase fluctuatic 


of the wave is determined by two parameters of the turbulence: nt » the size of the mean squar 


refractive index fluctuations, and L the integral scale of the turbulence. 


p44 


The correlation distance of the amplitude and phase fluctuations of the wave in the plane 


x = L can be characterized by the "integral scale" of these fluctuations, i.e. 


00 co © 
C 
—. 1 _ kL (2 2) 
L. = Ly = B,(0) { B(e)de = B,(0) f BL x + 0 dxdp . 
O Oo O 


Going over to polar coordinates in (7.69), we find 


00 


ck. 
Le = L, = 2B (0) f B(r)rdr. 


O 


Finally, setting B (0) = KEL B (0), we obtain the formula 


~ B(r) 
L, = L - = rdr. 
iS) A OL B CO) 
e) 


n 


Since B®) is appreciably different from zero only in the interval (0,L); we have 


so that 


(7.69) 


(7.70) 


(7-71) 


(7-72) 


Thus, for \/AL o> Ls the correlation distance of the amplitude and phase fluctuations in the 


plane x = L agrees in order of magnitude with the outer scale of turbulence [e] . 


Summarizing the results of our qualitative analysis of the character of the amplitude and 


phase fluctuations of the wave, we come to the conclusion that the following cases can occur, 


depending on the size of the parameter AL: 
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1) VAL<«< ue The amplitude fluctuations of the wave do not depend on the frequency and 


grow with the distance like 1? 


» while the phase fluctuations are proportional to the square of 
the frequency and to the distance L. The correlation distance of the amplitude fluctuations of 
the wave in the plane x = L is of order vor 

2) 4, << JAL <<L + The form of the correlation function of the amplitude fluctuations 
depends on the concrete form of the spectral density $ (x) of the refractive index fluctuations 
The correlation distance of the amplitude fluctuations of the wave in the plane x = L is of 
order JaL ° 

3) JrAL >> Los The fields of amplitude and phase fluctuations in the plane x = L are not 
locally isotropic random fields. Forp < Lo» we have D ,(¢) = D,(e)- The amplitude and phase 
fluctuations are proportional to the square of the frequency and to the distance L. 

4) ADL >> L, and the field of refractive index fluctuations is homogeneous and isotropic 
Here the correlation functions of the amplitude and phase fluctuations of the wave in the plane 
x = L coincide. The correlation distance of the amplitude and phase fluctuations of the wave 
in this plane agrees with L, in order of magnitude. 

In all the cases considered, the largest wave numbers which participate in the spectral 
expansions of the amplitude and phase fluctuations of the wave are of order 2x /t « It follows 
from this that the correlation and structure functions of the amplitude and phase fluctuations 
of the wave change quite slowly over a distance of order toe In particular, the function D.(e) 
has a square law character in a region of order a near the origin, and in the same region Bo 
has the form B (0) (1 -a p*/e* + eee )e 

Eqs. (7.50) and (7.51) obtained above relate the spectral densities of the amplitude and 
phase fluctuations of the wave to the spectral density of the refractive index fluctuations. 
Using these formulas, we can obtain relations relating the correlation function of the fluctua- 
tions of logarithmic amplitude and the structure function of the phase fluctuations of the wave 
to the structure function of the refractive index fluctuations. Such relations have been 
obtained in [54,55], but their form is much more complicated (the formulas contain double inte- 
grais) than the form of Eqs. (7.50) and (7.51). This fact greatly hampers the application of 
these formulas both for the purposes of qualitative study of solutions and for practical cal- 
culations with various conerete correlation functions. Eqs. (7.50) and (7.51) for the spectral 


densities F (kK ,0) and F.(k 50) are much more convenient. 
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We now consider an example. Let the field of refractive index fluctuations be statisti- 


cally homogeneous and isotropic and let it be deseribed by the correlation function Ea 
—= 2 
B (r) = ne . (7-73) 


The spectral density corresponding to the function (7.73) is equal to (see page 18) 


3 


a 


22 
O,(«) = ee elk (7.7) 
The functions (7.73) and (7.74) are simple enough to permit complete calculation of the corre- 
lation functions of the amplitude and phase fluctuations. However, one should remark that 
these functions are characterized by only one scale a, which can be regarded with equal justi- 
fication as both the inner and the outer scale of the turbulence [g] - Therefore, results 
obtained by using these functions are in many respects not sufficiently general. Moreover, as 
we established in Chapter 1, the refractive index fluctuations in a turbulent atmosphere are 
quite accurately described by the "two-thirds law", and not by the correlation function (7.73). 
Therefore, the present example is of a purely illustrative character and the formulas obtained 
below can be used only to the extent that their form does not depend on the form of the corre- 
lation function of the refractive index (for example, the dependence of x? onl for AL «<a 
and \/AL >> a has a universal character, which does not depend on B(r))- 


Substituting the function (7.74) into Eqs. (7.50) and (7.51), we obtain 


| 


— 2.2 
2 3,2 k 
F,(k,0) = - n, aL (- = sin 2) exp x “) ) (7-75) 


— 22 
F,(k,0) -— nt ak ( =s sin 2) exp Gas . (7-76) 
8/x- K 


The mean square fluctuation of logarithmic amplitude is equal to (see (7.54)) 
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a A 22 
“ n’ ak°L f ‘ - = sin 2) exp ( Ear. (7-77) 


The integral figuring in (7.77) can be calculated in an elementary way and equals 


h 
5 (1 - eum), where D — . 
a ka 
Thus we have 
—~ vn = 
az nf ak L(1 - SSS), (7-78) 


and completely analogously 


—~ vx-= 
e n& akL(1 + 


arc tan Dy 
1 o 1 ° 


D (7-79) 


Eqs. (7-78) and (7.79) were obtained in the paper of Obukhov [51] without using spectral expan 
sions of the fluctuations. The quantity D figuring in (7.78) and (7.79) (the so-called wave 

parameter) is proportional to the square of the ratio of Jxl (the radius of the first Fresne 
zone) to a (the average size of the inhomogeneities). Depending on the value of this parameter 


the following limiting cases can occur: 


2 2 
a) D<lorLl< oe =L..° Then = arc tanD~1- * and Eqs. (7.78) and (7.79) take 
the form 

2 BE 

= “Zz 9 
3 1 > 
ae 2 2 

So = rt n ak L. 
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These formulas, which are valid forL << L.? correspond to geometrical optics. 


b) In the opposite case, whereD >>1 or L > Li the quantity = arc tan D <1 and 
2 


which corresponds to the case considered above, where AL >> Ls 


Using the relations 
Vt 3 22 
B bP) = > nt 2 8 t, i J of KP) Q- AL sin ) a/' KaK , (7.81) 
K 


oo 


B,(P) = M2 ny nares Lf J, (Kp) 0+ + sin 6 Ke “/' KdK , (7.82) 


oO 


we can also determine the correlation functions of the amplitude and phase fluctuations of the 
wave. The integrals appearing in (7.81) and (7.82) can be expressed in terms of the integral 


exponential function Ei(z), so that Eqs. (7.81) and (7.82) take the form 


2 
Si 4 
t—- 2 e\ 2 2 
2.2 1 
B(©) =—- nj, kal ¢ exp|- nS - -) + = Im Et a ; (7.83) 
ka D-i 
2 
Si 4 
tnx O Co\ 2 2 
2.2 p p 1 a 
B.(P) = 57 1, kal exp|- 5 (5) - — Im Ei . (7.84) 
a ka -i 
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Eqs. (7.83) and (7.84) were obtained by Chernov [56] . As p> 0, these expressions reduce 

to Eqs. (7.78) and (7.79). We must bear in mind that as z- 0, the function Ei(z) has a 
logarithmic singularity with Im Ei(z) > arg z. An analysis of Eqs. (7.83) and (7.84) leads 

to the conclusion that both for D << 1 and for D >>1 the correlation distance of the ampli- 
tude and phase fluctuations of the wave is of order a [56]. However, this result is caused by 
the special choice of the form of the correlation function of the refractive index fluctuation 
i.e. the Gaussian curve (7.73). As we have shown sbove, when the condition Jr << t. is met, 
the correlation distance of the amplitude fluctuations in the plane x = L agrees in order of 
magnitude with t in the case where VAL >> Lo» it is of order Lis while in the intermediate 
case it equals /\L . However, since the values of Le and Lo are of the same order of magni- 
tude for a Gaussian correlation function, i.e. - ~ L, ~ e [e] then in the present case the 
correlation distance of the amplitude fluctuations of the wave in the plane x = L is of order 


a for any value of the parameter /AL (i.e. both for D << 1 and for D >1). 


7D Amplitude and phase fluctuations of a wave 


propagating in a locally isotropic turbulent medium 


We now consider another, much more realistic example. Let the refractive index field be 


locally homogeneous and let it be described by the structure function 


of y2/3 forl <r<L , 
n O O 
D(r) = (7.85) 
2 2/3 ,r,2 
C16 ) forr <t. 


In the region of values of r exceeding Lo the form of the structure function D(r) is not 
universal. However, this indeterminacy does not affect the correlation function of the ampli- 
tude fluctuations. In fact, as we have already seen above (see Figs. 10,11), in the case 
where VAL << Los the behavior of the spectral density § (x) for K < 2x/L, has almost no influ 
ence on the calculation of the correlation function of the amplitude fluctuations of the wave. 


Thus, if we restrict ourselves to values of L which satisfy the condition /AL <t; we can 
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specify the form of the function D(x) for rz L, in an arbitrary way (it is only necessary 
that D(z) does not grow faster than r for r >L)- In particular, we can assume that for 
rz D {r) preserves the same form as for L, <r <tL; i.e., we can omit the condition 
r << L, in Eq. (7.85). A similar situation also occurs in the case of the structure function 
of the phase fluctuations of the wave. Inhomogeneities with dimensions much larger than p 
have little effect on the value of D fP) « Therefore, if 9 is restricted by the condition 
p< L o? the form of the structure function D nl?) for r> Lo has no important bearing, and we 
can also omit the condition r < Lo in Eq. (7.85). 


As we have seen above, the structure function (7.85) can be associated with the spectral 


density 


5.033 cf c/3 for K < Ki ; 
$k) = (7.86) 


@) for K >K, 3 


where K, = 548 /t Substituting (7.86) into Eqs. (7.50) and (7.51), we obtain the following 


expressions 
0. O35n Cok L 1 - = sin a co il/3 for K <Kys 
= 8 
F (k,0) ~ (7 7) 
0 for K >Ky 
0.033001 < = sin A c/s for kK <K, 
Fy(K,0) = (7.88) 
) for K > Kn’ 


We shall find the correlation and structure functions corresponding to these spectral densities 
2 

in the separate cases where AL < — and VAL >> te For ~AL < ti KL /k < KL /k <1 

and Eqs. (7-87) and (7.88) reduce to Eqs. (6.61) and (6.60), which correspond to geometrical 


optics. The correlation and structure functions of the amplitude and phase fluctuations of 
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the wave in this case were studied in Chapter 6. 
We now consider the case where VAL >> tl. In this case, in order to calculate the struc 
ture functions of the amplitude and phase, it is necessary to use the unsimplified formulas 


(7.87) and (7.88). For D,(¢) we obtain the expression 
K 
" a) -8/ 
D(P) = ie (0.035)GKE | [2 - r (key) (2 ze sin 2) 8/3 ag . (7.89) 
K 
O 


First we consider the behavior of the function D.(p) forp < Loe In this case Kae << 1 and 


al 
2 
the approximate equality l - Ji(Ke) ~ i K 0 is valid in the whole range of integration (0k) 


Consequently, forp< t we have 


KL 
D,(©) = 3 x°(0.033) 0719/91 9/6 oF [ (1 - $2) x !8 ay , (7-90) 


O 


Since we are considering the case where \/AL o> Ly» then KL / >> 1 and the integral appearing 


in (7.90) is approximately equal to 6(x°L/) 1/6 [hn]. Consequently, for p << 4, 


D (6) = 1. 720k L ils 0, (7-91) 
i.e., for small po, the structure function of the amplitude fluctuations has a parabolic char- 
acter, and therefore forp << to the correlation function of the amplitude fluctuations of 
the wave has the form B,(P) ~ B,(0)(1 - ap) (see page 146). For pe >> t, the integration in 
(7.89) can be extended to infinity. This only influences the form of the function D,(P) for 


small o, but we have considered this case separately (Eq. (7-91)).- We obtain the forma 


foe] 


- 2 
B,(e) = an (0.055)Cqe Lf J_(Kp) ( - $ sin 2) 8/3 ax (7.92) 
e) K k 
O 
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for the correlation function B,(e). First we find the mean square fluctuation of logarithmic 


amplitude, i.e. 


x ~ B (0) = 2x” (0.035)C. «“r, f @ - = sin 2) 8/3 dk . (7-93) 
K 
O 


Calculating the integral appearing in this formula [1], we obtain 


x- = 0.31 co 47/6 pit/6 ( JAL >> t) . (7.94) 


As we have seen above (see page 146), the dependence of the quantity x on L has the form 


xe ~ 1? in the case AL << - and the form x° ~ Lin the case “AL > Ls For - << VAL << Lo» 


the exponent a in the formula xo ~ 1 


has an intermediate value, determined by the form of the 
structure function of the refractive index fluctuations. If Df) wht the quantity a has the 
value (u + 3)/2; for 0 <u<1, we have 1.5 <a<2. 

The correlation coefficient b(¢) = B,(P)/B,(0) of the amplitude fluctuations of the wave 
in the plane x = L, determined by Eqs. (7.92) and (7.94), can be found by numerical integra- 
tion [i] . By integrating along the contour consisting of the circumference of an infinitely 
large circle and the rays Re K = Im K, Im K = O, we can reduce the integral appearing in (7-92) 
to a form suitable for numerical integration. The function b (9) obtained as a result of the 
numerical integration is shown in Fig. 13. The correlation distance of the amplitude fluctua- 
tions of the wave agrees in order of magnitude with the radius VAL of the first Fresnel zone. 


As was to be expected (see Eq. (7.55)), the function b Cp) takes on negative values, since 


the relation 


‘i b,() ede = 0 


must be satisfied [k]. 
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Fig. 13 The correlation coefficient of the fluctuations 
of logarithmic amplitude in the plane x = L, with 
the condition L, << VAL < L,: 


We now turn to the calculation of the structure function of the phase fluctuations of the 


wave. Adding Eqs. (7.52) and (7.53), we obtain the formula 


D,(p) + D,(6) = Bn koL | [1 - (Ke) ] O (x) «ax . (7.95) 


It follows from this that 


K 
m 


D,(0) + Do(p) = 8x°(0.033)KL0" | [a = a (xe)]n 8/9 ax , (7.96) 


O 


in the case where $k) is determined by Eq. (7.86). Let p< tor Kp << le Then 


1 22 
1 - J (kp) ZK e and 
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D,(¢) + D.() = 3.44 K LCE 1/5 3° (p << u) (7.97) 


(kK is expressed in terms of 4. by using the relation kt. = 5.48). For KP >> 1, the integra- 


tion in (7.96) can be extended to infinity and then (see note [d| to Chapter 6) 


D,(e) + Da(p).= 2-91 LC® lS | (7.98) 


n 


Eqs. (7.97) and (7.98) allow us to find the function D.(¢) if we know the function D (6) « For 


small values of 9 (Eq. (7.91)), D (6) = 1.72 cn KL pl 0°. Substituting this value of D (6) 


into Eq. (7.97), we obtain 
_ _ 2 ,-1/3 2 
D.(6) = D,(p) = 1.72 CF t7/? K LON , (p<<t). (7.99) 
For p >>4,, we can find D,(P) from the relation 
Ve 
D (P) = 2B (0) - 2B , (6) = 2X (1 - b,(e))- 
Substituting this expression into (7.98) and using Eq. (7.94), we obtain 


D,(p) = 2.91 KL co o/3 ~ 0.62 oC pi/6 /ER - b ,(9)] . (7-100) 


pat 


For p >> VAL, and actually even for p~ VAL, the second term in (7-100) is small compared 


to the first and 


Dg(¢) = 2.91 «“L, of o/3 ; (ep > VAL). (7-101) 


For values of p small compared to VAL, the second term is of the same order of magnitude as 
the first. If we use the asymptotic expansion of b (0) for ii< eo <<\//AL given in note [a], 


then we obtain a formula of the form (7.101), but with a numerical coefficient which is half 


as large, i.e. 


19) 


Dg (0) = 1.46 «oO, c »/3 (4. <o<< VAL ). (7.102) 

Eq. (7-101), which is valid under the conditionYAL >>4 , agrees with Eq. (6.65) which is 

valid when the condition AL << a is met. Thus, the character of the phase fluctuations of 
2 

the wave does not change when L goes through the critical value Loy ~ v/s - However, in these 


two cases the amplitude fluctuations are described by different formulas. 


7.6 Relation between amplitude and phase fluctuations 


and wave scattering 


As we have seen above, Eq. (7.21), which determines the size of the field fluctuations, 


can be obtained both by using the equation 


which determines the wave scattering, and by using the equation 


2 > 
Ay +2V VV ¥, + &n(r) =0, 


1 
which describes the amplitude and phase fluctuations of the wave. In deriving Eq. (7.21) by 


the first method, we added together the incident wave Y, and the wave u, scattered by the 


1 
inhomogeneities of the medium. The scattered waves, arriving at the observation point with 
random values of amplitude and phase, are added to the “unperturbed” wave and produce amplitude 
and phase fluctuations of the total wave. The relation between the amplitude and phase fluc- 
tuations of the wave and the scattering of the waves can be pursued in more detail. As we have 


2 
Shown above, X = B (0); the mean square amplitude fluctuation of the wave, can be expressed 


in terms of the function } (x) by using Eqs. (7.50) and (7.54), i.e. 
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ye _ B (0) = on kL f ( - = sin 2) § (k) Kak . (7.103) 


The function Ok) also determines the effective scattering cross section of the volume V into 


the solid angle dQ (see page 68), i.e. 
h 
do(@) = One V $ (ak sin S)an ; (7.104) 


where we have omitted the factor sin-x which depends on the polarization of the incident wave. 


Introducing dou, the effective scattering cross section of the unit volume, we have 
do_(@) = onk*O (2k sin 2)an (7.105) 
Oo n 2 ° . 
We make the change of variable 
. @ 
K = 2 sin 3 (7-106) 


in the integral (7.103). The variable k in Eq. (7.103) ranges from 0 to », At the same time, 
the quantity ck sin s can only take values from 0 to ck for real 0 The value of the function 
$ (k) is zero or negligibly small for k > Kn Therefore, in the case K >> Kn considered in 
this section, the upper limit of integration in (7.103) can be replaced by any number which is 
much larger than Kn? in particular by AX / V2; corresponding to the value @= x/2. Substituting 


(7.106) into (7-103), we obtain the formula 


x/e in(4kL si e 2.) 

— sin L sin 

xe = 25K L f 1 - as § (ak sin 2K sinodée . (7-107) 
O AKT, siné 2 
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If now we use Eq. (7.105), then we can eliminate the function 9 from Kq. (7.107) by expres- 


sing it in terms of da, /aa ,i-e. 


x /2 206 

— sin(4kL sin 5) ao,(8) 

Xx” = aL 1 - ————————_ | —3p— sine de. (7.108) 
O LET, sin’ 2 


The quantity aa (@)/da is equal to the effective scattering cross section at the angle @ into 
the solid angle dQ = sin @ d@ do. We denote by do, (8) the effective scattering cross section 
into the solid angle do, = On sin @ d@ bounded by the cones of aperture @ and 6 + d6@. Since 
do(@) does not depend on o, then do ,/ay = da, (@) /2x and do (8)sineae/apsineae - do, (6)/2x. 


Eq- (7-108) takes the final form 


__ x/2 sin(4kL sin” 5) 
x? 2 auf 1 - —___—— | ao,(«) . (7.109) 
O Uk, sin’ : 


The expression just obtained has a simple physical meaning. The amplitude fluctuations 
of the wave are caused by the superposition of the scattered waves (the quantity do, (2) in the 


integrand). The factor 


sin( 41. sin’ 2) 


2 
1 - 


LT, sin’ 


depends on the ratio between the dimensions of the Fresnel zone and the dimensions of the scat- 


tering inhomogeneities. In fact, as Shown above, the quantity 4(@), the size of the inhomo- 


; | g 9 » 
geneities which scatter at the angle 6, is equal to 4(6) = i/(2 sin 3), f.e. 2 sin 3 = Wey . 
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Therefore, the quantity 


_ 2x Na AL 


2-(9) l 


ig proportional to the square of the ratio of the radius of the first Fresnel zone to the 


size of £(0). The function 


sin(2ndL/t“(@)) 
Ll -——————~— 
OndL/t"(0) 


has a maximum for 4(6)~ VAL . ‘Thus, in forming the amplitude fluctuations of the wave, 
"fullest" use is made of the energy scattered by the inhomogeneities whose dimensions are 
close to the radius of the first Fresnel zone. In the case where all the inhomogeneities are 
"large" compared to VAL , they act like coherent scatterers, and the effects of the different 
Fresnel zones spanned by the inhomogeneities cancel one another out to a considerable extent. 


In this case 


sin(4kL sin( tet sin” 3) 
1 2 £(@) , aan ~ i 16K7n sin" 8 ; 
a ee 6 2 
t (8) 4kT, sin 2 
and (7.109) reduces to the formula 
X° = =F KL sp ain’ 2 ao (8) (7.110) 


which corresponds to geometrical optics. In the opposite case, where the radius of the first 
Fresnel zone is much larger than the largest scale refractive index inhomogeneities, there are 
a large number of incoherent scatterers inside each zone, and their effects add up like energy. 


In this case /rxL/t(0) >>1, and Eq. (7.109) takes the especially simple form 
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ye _i 
Ko = 51 [ do, (6) =5oL. (7-111) 


Here o is the effective scattering cross section of a wnit volume or the scattering coefficient 
(o has the dimensions of om +). This quantity determines the attenuation of the wave due to 
scattering in going a unit distance. 

Eqe (7-111) and the similar formula for phase fluctuations of the wave can be obtained 
without recourse to the expression (7.104) defining the effective scattering cross section [39] - 
To do this, we divide the whole region traversed by the wave in the inhomogeneous medium into 
volume elements ve? whose linear dimensions are much larger than the correlation distance Ly of 
the refractive index fluctuations. The field at a point M is the sum of the field Uy of the 
incident wave and of the fields u, scattered by the volumes V, in the direction of the point M, 


k 
1.e. 


usu + S| u, - (7.112) 


We represent the field u, in the formu, = A exp(1s) and the fields u, in the form A_ exp(is, ) 
Since the volumes V.. are separated from one another by distances which are much larger than Lo? 


the waves uy, scattered by them will be statistically independent. We assume that the fluc- 


tuations of the field are small, i.e. that [2] 


al <| 


Then we have 


“k Ss. = 
log us tog a, +306 (2+ DO log u, + a 


O 
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Separating the real and imaginary parts of this equation, we obtain 


A, 
log A = log A, + >, z, cos(S, - S,) ; (7.113) 


S=S_ + >, * sin(S, - S,) . (7.114) 


From this we obtain 


Av) 


HI 


A 
fe) 


— 2 A 
X fc *) = >. > a cos(S, - S,) cos(S, - 8.) , (7.115) 


= ————- Wr AA OOO 

2 2 

Ss; =(S-S5))° 5 >. >, is sin(S, - S.) sin(s, - 8.) (7.116) 
O 


for the mean square fluctuations. Because of the statistical independence of the waves scat- 
tered by the different volumes V3 only the terms with 1 = k are different from zero in the 


double sums. Therefore we have 


-s). (7.117) 


It can be shown that the quantities A, and 5. - 55 are statistically independent [60] . There- 


fore 


* rol 


a om “D2 1 
A, cos (Ss, ~ s,) = A. cos (S\. - Ss.) = 5 
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Since the mean square value of the cosine is equal to 1/2 when its argument is uniformly dis- 


tributed in the interval (0,2nx). Similarly 


2 2 1 2 
A, sin'(S, - 8.) = 3 A, 
so that 
2 
yo 2 il > A, 
x = 5, =3 eS (7.118) 
‘@) 


The quantity A(6,) represents the mean Square modulus of the scattered field produced at 
the point M by the scattering volume Vi. (the angle of scattering is denoted by @,,)- The flux 
of scattered energy is proportional to the quantity a r an, where ris the distance from the 
center of the volume Vi. to the point M. The density of the energy flux of the primary wave UY, 


incident on V,, which we denote by V,.40, (85) is equal to 


so that 


Substituting this expression in (7.118), we obtain 


2 i SO Sok’ * 
X =S8)=5 na 2 . (7.119) 


Going from summation to integration in this formula, we have 


= os do (6) 
ea 2 1 f O° av 
X= 8) 55 — at 8° (7-120) 
y r 
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If we locate the origin of spherical coordinates at the observation point M, the polar angle 


will equal the scattering angle 9 and dV = rdnar. Therefore 


@2 90 
x = 5) = 


hole 


doe) L 
f ar | —in AQ = 3 oL, (7.121) 
.@) 


and we again arrive at Eq. (7.111). Since we assumed that the field at the point M is propor- 


tional to A. and does not depend on the dimensions of the scattering volume Vie we have hereby 


assumed that the linear dimensions of the volume Vi. are much smaller than the radius of the 


first Fresnel zone, i.e. that L, << v,t/ << \/\L . Therefore, Eq. (7.21), and Eq. (7.111) as 


well, is valid when the condition VAL >> Ly is met. 


With this we finish our study of the problem of parameter fluctuations of a plane mono- 
chromatic wave. In Part IV, we shall consider some applications of the theory presented above 


(calculation of the frequency spectrum of the fluctuations, dependence of the fluctuations on 


parameters of the receiving apparatus) and we shall compare the theory with experimental data. 
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Chapter 8 
PARAMETER FLUCTUATIONS OF A WAVE PROPAGATING IN A TURBULENT MEDIUM 


WITH SMOOTHLY VARYING CHARACTERISTICS 


Until now we have considered the case of a locally isotropic refractive index field, and 
it has been assumed everywhere that the structure ce does not vary along the entire propagation 
path of the wave. However, in practice one must almost always deal with inhomogeneous turbu- 
lence. As already noted, the "two-thirds law’ obtained in Part I is valid only in the case 
where the distance between the two observation points does not exceed the outer scale of tur- 
bulence Los i.e.,it is valid in a region with dimensions of the order L,° If we place our pair 
of observation points in another region with dimensions of the order i? which does not inter- 
sect the first region, then the "two-thirds law’ holds for it as well, but this time with 
another value cr of the structure constant. Therefore, we can assume that Co is avery smooth 
function of the coordinates, which changes appreciably only in distances of the order Ly [59] 


(see Chapter 3). Thus 


. +7, 
D (Fy >F5) = a(Bt% 5 ) EA -r 423 , (8.1) 


> 2,> 
where |r, - 5, <<L, and Ci(r) changes appreciably only when r changes by an amount of order 


> > 
Loe For small values of Ir, - fr we have 


al 
r+r r-r 
D (yl) = (2% ue = (|r, - |< tos (8.2) 


as before. 


The concept of the spectral density 9 (x) corresponding to (8.1) and (8.2) was introduced 
in Chapter 4. We can immediately write down an expression for § («), by changing the constant 
2 
C_ in Eq. (7.86) to the function c“(z). Then we have [al 
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O(k,r) = c(F) 56° (@) , (8.3) 


where 
0.033 cil/3 fork <K, 


(0) 2 
dy (kK) = (8.4) 


@) for K>kK_. 
m 


In the more general case, where we shall not use the "two-thirds law", but some other correla- 
tion or structure function, we shall always assume that GO (kr) can be represented in the form 
(8.3), but with another function § '°) (x). In analogy to (8.3), we can also write the two- 


> 
r! 


Tay 
dimensional spectral density F(Kys Kas |! - x"|,=== ) (see Chapter 3): 


ora 3 afrt +x" 
a (cos xt = x"), oF) : (24*) flor: [xt = x") (805) 


As before, the functions Fn and ) | are connected by the relation (1.53). In particular, we ha 


(oe) 


[ tyleaekgy 848 = 2 BL (0,kgok5) « (8.6) 


O 


We now consider how to solve the problem of amplitude and phase fluctuations of a plane 
wave propagating in a medium with a smoothly varying "intensity" of turbulence. To solve this 
problem we shall start with Eq. (7.24) and we shall use the same kind of two-dimensional spec- 
tral expansions of the refractive index fluctuations as in solving the problem for a homogeneo 
medium. In deriving Eqs. (7-26)-(7-43), we never used the assumption that B(Kaska9X"5 2" ) de- 
pends only on x' - x". Therefore Eqs. (7.42)-(7.43) continue to hold in the case where 


By (KasKzsx' yx") has the form (8.5), i.e. 
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LL 
2 
By(KosKx50) =k in sin 
O 


e) 


G2) anf 2) 


Ds rn 
x FL (cork |x! - x"J, BS) dx'dx"” = 


2 


no[ Py 


vad 2 
f [cos KS _ cos OG oh), \e|)anae, (8.7) 


D 


where € = x' = x",2n = x' + x", Or = r' +r". The region of integration D is a rhombus with 


vertices at the points (0,0), (L,L/2), (0,L), (-L,L/2). Similarly, we have 


x Co(z)£,(k, |e] )anaé « (8.8) 


Bearing in mind that the integrands are even with respect to €, we need carry out the integra- 


tion only in the right hand half of the region D. Then we obtain 


L/2 en 
; 2 2 
F(K59K350) = k° J o°(z)an f £,(k,6) [cos a3 - cos mad ag + 
O 0 
L 2(L -7) 
2 2,> Ke K-(L - ) 
+k [ Cc (x)an | £ fk, 8) [cos ae «C08 - ae ° (8.9) 
L/2 ° 
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In the important region of integration with respect to &, we have KE <1 (since f (ks €) > 0 
for Kt >>1; see page 23). Therefore ,K“¢ /Ic < K /k << 1 in this region. Consequently, 


2 
cos K ¢/2k ~ 1 and the inner integrals in (8.9) are approximately equal to 


en 


F - cos Ke a f F (ks §)aé 


oO 


and 


A(L - n) 


K-(L - 
B - cos < } f £ i(k, €)de ° 


1) 


However, in the larger part of the region of integration both en and 2(L - n) have the order 


of magnitude L. Therefore, we have approximately 


en - 

[ p(k, §)de [ F Ck, €)de = x G6 («) 
and 

a(L = ) 


f £ (k,€)ab ~ x G'(K) , 


i.e., both inner integrals in (8.9) are approximately equal to 


Thus we obtain 


L 2 
PACK 59K 350) ~ 2rde [ o(z) 6 {9 («) sin? |G = aa ; (8.10) 
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I 2 
P(e osK.530) * Oxke™ [ c°(z) 56° («) se _ Lb . (8.11) 


O 


It follows from Fq. (8.10) that the contribution to F (Kok 0) of inhomogeneities located near 


3? 
the observation point is zero [ob], since the integrand vanishes for jn = L. 
We now consider the correlation function of the amplitude fluctuations of the wave in the 


plane x = L. According to the general formula (1.51), we have 


oe) 


B (Pp) = On f J (Ko) F,(k,0)Kd« ; 


O 


L 00 > 
B, (9) = hig Ko f c°(F) ay | TK 0) G(x) ona a KdK (8.12) 


oO O 


L 


2 
B,(0) = bc 4) = bag K® f 


oO 


co 5 B 
c°(F)aq / a i) an" os a . (8.13) 


Eqs. (8.12) and (8.13) solve the problem of amplitude fluctuations of the wave. Consider the 
case where the refractive index fluctuations obey the "two-thirds law". In this case 9,‘ (K) 


is given by Eq. (8.4) and 


K 
——_$___. L m 
— D . 2 
x2 (x it) = n?(0.033)Ke f c°(r)an f oit/3 sa! Ua) ku . (8.13) 
@) 
Oo Oo 


For KL /k << 1(geometrical optics), we obtain 
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L K 


= , ~ 4 2 
xe = ba" (0.035)K" | c°(z)an f eo il/3 arco KK = 
k 


Oo oO 
L 
= 7.37 177/9 f o-(E)(L - n) “an. (8.14) 
O 


(We have used the relation Keo 5.48, see page 49). For KL /k >> 1, tee. VAL >> ., the 


integration in (8.13) can be extended to infinity, and then [c] 


L 
F 2 0.56 xl/6 f c°()(z - x)?/Sax . (8.15) 
.@) 


In the case of = const, Eqs. (8.14) and (8.15) imply Eqs. (6.68) and (7.94) for homogeneous 
turbulence. It is convenient to change Eqs. (8.14) and (8.15) somewhat, by locating the origin 


of coordinates at the observation point. Then we have 


L 
x? 37 0/9 f o°(F) xP ax (JME <2.) (8.16) 
O 
and 
_ L 
x* _ 0.56 4/6 f 7) x /Oax (AL >> Ls) - (8.17) 
©) 


When the wave source is located at infinity, we can set L =o in Eqs. (8.16) and (8.17). ‘Then, 


2 
in estimating the quantity VAL , it suffices to take the distance in which CH essentially falls 


to zero instead of L. 


We now consider the phase fluctuations of the wave. Adding (8.10) and (8.11), we obtain 
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L 
Fy(KpoK sp) + Fa(KpoKgp0) = 2x” F(R) [chan , (8.18) 


L 00 
D(p) + Do(e) = 8n°K® f °(r)an [ (2 - 3,(Ke)] G69 (K)Kaee « (8.19) 


.) 


Eq. (8.19) replaces Eq. (7.95) for the case of homogeneous turbulence. When 6 f° (4) is given 


by Eq. (8.4), we obtain an expression similar to (7.98), i.e. 
L 
D,(P) + D,(P) = 2.91 1@p9/3 f c°(P) ax ° (8.20) 
O 


It follows from (8.20) (see the derivation of Eqs. (7-101) and (7.102)), that in the region 


VAL > to we have 


L 

Do(p) = 1646 «°°! [ 02) ax (Qi <«<p< Vil), (8.21) 
L 

ge) = aor 0! [PR ax (o> viq) « (8.22) 


The integration in Eqs. (8.16) - (8.22) is carried out along the "ray" from the observation 
point to the source. Comparing Eqs. (8.16) and (8.17) with Eqs. (8.21) and (8.22), we can 
easily discover an important difference between them. In fact, all the inhomogeneities, regard 
less of their distance from the observation point, have the same effect on the phase fluctua- 
tions [da]. However, the inhomogeneities which are furthest away from the observation point 


have the greatest effect on the amplitude fluctuations of the wave [>] . 
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Let us consider an example. In analyzing the twinkling and quivering of stellar 
images, we encounter a very nonuniform distribution in height of the refractive index fluctua- 
tions. Usually, the strongest fluctuations are observed near the surface of the earth, and 
the fluctuations become weaker as the height increases. In this case, the lower layers of the 


atmosphere will make the largest contribution to the integral 


f cf(z)az 


which determines D(0)- However, higher layers will make the basic contribution to the inte- 


gral 


co 


2 5/6 
f Ci(z)z / dz 


oO 


which determines the amplitude fluctuations of the wave. For example, let 


-z/z 
cm = of e o, (8.23) 


Then (assuming that Viz, > tds we have 


x= 0.56 47/6 og? 1/6 r (=) = 0.53 c x /6 zit/6 ; (8.24) 
2 5/3 2 
D,(P) = 2.91 k” p Cro Zo ° (8.25) 


If ce igs given in the form 


C2 
ne) 
- 
N 
J 
iA’) 
= 
\e 


(8.26) 


= C 
n no 


then 
= Pr 3/6 2 6 11/6 
x" = 0.56 “T/6 co zii/e _—— as = Q006 x Coo I! Z / , 
1+ x esin—— 


re) 12 
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or 


2 2 _7/6 11/6 
X= 3.4 Cio 2 , (8.27) 


_ 2 5/3 2 _ 2 2 5/3 
Dg (P) = 2.915 p Coo 2 = 4.57 Cok P Z (8.28) 


O 


Eqs. (8.24), (8.27) and Eqs. (8.25), (8.28) have the same structure, but they have quite dif- 


ferent values of the numerical coefficients. 
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Chapter 9 


AMPLITUDE FLUCTUATIONS OF A SPHERICAL WAVE 


In addition to the problem of the amplitude and phase fluctuations of a plane monochro- 
matic wave considered in Chapter 8, in many cases it is of interest to consider the problem of 
fluctuations in a spherical wave [60]. To solve this problem, we shall start with Eq. (7.21), 


which gives the solution of Eq. (7.14) for the case of an arbitrary unperturbed wave, i.e. 


e > 
Av, +2 VvoV¥, + & alr) = 0, (9.1) 
3 aik|r - r'| 
¥,2) = ES ff au) ——— a. (9.2) 
Anu, r) 7 lr - r'| 


Let u(r) represent a spherical wave propagating from the origin of coordinates, i.e. 


-_ etkr 
u(r) = e , (9.3) 


Yr 


where Q is some constant. Then we have 


3 aik(r' -r) iklr - r'| 
¥(7) = a f n, (r') > > av' . (9.4) 


7 yr! |r - r' | 


As in Chapter 8, we assume that \ << os where L is the inner scale of the turbulence. Then, 
a substantial contribution is made to the integral (9.4) only by the region of integration con- 
tained inside a cone of aperture 6 ~ d/L, << 1, whose vertex lies at the observation point and 
whose axis (which we assume to be the x-axis) is directed from the wave source to the observa- 


tion point. Inside of this cone, we have 
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[xt] >> lyt], |z'| and jx-x'| >> |y-y'|, [z-2'| - 


In this case, the expansions 


2 ya 2 2 
1 t —- —-> - vy! - 7! 
riw xt 42 74 +2 (ike dex xt 4 Y yt) + (2 - 2") 
ex! Q(x - x') 


are valid. In addition to the values of the field at the point r= (x,0,0), we shall also be 


interested in values of the field at points for which Jy? + 2° is not zero but is much less 


then the distance x to the wave source. Therefore, the field uy = 3 etEr of the incident wave 
can also be represented in the form 
Q yo + 2° 
ug = § exp|ti «+O t2)|. 
Substituting all these expansions into Eq. (9.4), we obtain 
2 
> kx 
yi(2) = B% fo alersyt2") x 
V 
Oxx' (yy! + 2z') - xt(y" + 2”) - x“(y* + 2) 
exp (-1k 
\ exx'(x - x!) 
Xe SSeSSSSSSSSSSSeSsSSSSSsSSSSSSSSSsSSSSSSSSSSSSSSSSSSoar7xtaytaz? . (9.5) 


x'(x - x!) 


We assume that the random field n, (x! ,y',z') is a homogeneous and isotropic random field 


and can be represented in the form of a stochastic Fourier-Stieltjes integral: 


nj (x',y',2') = {| exp] («sy + K3z") Janegegx") ’ (9.6) 


where the quantities dv(K5,Kz9x") satisfy the previous relation (7.40), i.e. 
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dv(K,5K )av¥(KSsKEsx") = 


37% 


= 8(k, - Kb)8(K; - KS)F (Kos Ks 51x - x! [dk dk dic hax § . (9.7) 


(We have assumed that the field n, (r) is homogeneous and isotropic in order to simplify the 
solution of the problem. However, in what follows, it will not be difficult to extend the 
solution obtained to the case of a locally homogeneous and isotropic field n, (r) as well.) We 


shall look for the function ¥,(%,y,2) in the form of the same kind of expansion, i.e. 


¥,(%,9,2) = r exp| 4 (fy + K32) |aetesx$2) : (9.8) 


Substituting the expansions (9.6) and (9.8) into Eq. (9.5), we obtain 


2 


il exp|i (ey + K52) [aml KS - =~ x 


- 


2 


) 


2 
2xx'(yy' + zz!) ~ xt *(y" + 2°) - x“(y" +z! 
exp | -ik 
exx'(x - x!) 


x 


x f aw 


x'(x = x!) 


x ry cxp|+(ciy" + Kz) lav(xss yx!) (9.9) 


te) 


(Koy + K 52) 


We multiply this equation by —3 e and integrate with respect to y and z between 
Lest co 


the limits -o end «. Bearing in mind that (1/2m) J exp(idz)dz = 8(A) and that the symbol: 


—0O 


equality 


holds [a], we obtain 


dk I} 8(K,, - KB )E(KS - K 5) ap(K5sK 25x) = dp (Ko K-25) ; 


co | 


e 
k xX . | 
dP(K 59K 55%) = dK 53K 5 32 ff exp[-i(K,y + K 32) |dydz x I 


—00 


x'(x - x!) 
~ ff exp («sy + Kk! 12") Jav(«s KZ, x") ° (9.10) 


The integration with respect to the variables y' and z' in (9.10) can be extended between the 
limits -o and» , since in the region where the values of y’ and z' are large, the integrand 
oscillates rapidly and the integral over this region is near zero. Changing the order of inte-~ 


gration in (9.10) and also changing x to L (the distance to the wave source), we obtain 


egy) = og ay [BP agg» 
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[LPP oof (ext +153 0a) ]> 


aux" (yy! + zzt) = xt@(y> 42°) - u(yt© + 2t®) 


xX exp|-ik 


dydzdy'dzt. (9.11) 
OLx'(lL - x') 


The inner fourfold integral can be simply evaluated by contour integration in the complex plane 


and is easily seen to equal 


Bx7L(L = xt) [-AL(L - x") (x5 + KS) : 1 
erp] A 8 (eg - uy Br) (ey - t,) . (9.12) 
nee Dex! x 5 5x 


Substituting (9.12) in Eq. (9.11) and carrying out the integration with respect to KS and KS 


we obtain a simple formula connecting the spectral amplitudes of the field fluctuations and 


those of the refractive index fluctuations: 


i iL(L - x) (Ks + KS) 1 7 
O 


(9.13) 


Eq. (9.13) is simtlar to Eq. (7.32) for a plane wave [b]| and has a simple physical mean- 
ing: Field inhomogeneities characterized by the wave number K (i.e. by the dimensions % = =) 
owe their origin to inhomogeneities of the medium with characteristic wave number K =, or with 
dimensions ¢' = Le - These inhomogeneities are at the distance x from the wave source. The 
factor x/L takes into account the magnification of the dimensions of the image due to illumina- 
tion by a divergent ray bundle. The quantity L(L - x)Ko / ex in the argument of the exponential 


is equal to x An / are, where A° = Ax(L — x) is the square of the radius of the first Fresnel 
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zone for a spherical wave, and t' is the size of the inhomogeneities in the x-plane which pro- 
duce field inhomogeneities of size 4. Using relations similar to (7.35) and (7-36), we can 
find the spectral amplitudes of the quantities X = 1og(A/A.,) and Sy = S - Soe Denoting them, 


as before, by da and do, we obtain 


L 2 2 
L(L - x)(K, + Kl) 
da(k,,Kz,L) =-k f ax sin|—————_—>+}-- 2 | av € a » Kz = ’ x) ; (9.14) 
5 okx 
L 2 2 
L(L - x)(Ko + K) 
do(K5,KzsL) =-k [ dx cos e d" lay «, 3 » Kz - ; x) . (9.15) 
Okx 


O 


We now turn to the spectral expansions of the correlation (structure) functions of the 


quantities X and S. To do this, we form the expression 
LL 
da(K,,K,,L)da*(K!,K!,L) = — dx,dx, xX 
2? 3? >? 5? 1 2 
ome) 


2 2 t ' 
L(L - x, ) (Ke + Ks) L(L - x5) (K° +K ) 
x sin/-——_=—_*—_2 | sin; ——_= 2 3) y, 


et aI 


iL L Pho 
x dy (k, x? Ks x, ; x, ) av* @ xy? KS > ; x5) (9.16) 


and the analogous expression for dodo* , which contains cosines instead of sines. Using the 


. eas eC 
relation (9.7), and writing k~ = KS + KS ’ Ke = Kr + Kee we obtain 


e b) 
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eee \ LL of Boe? I > % 
* t t — 
da(k,,«,,1L)da (K5sK5 1) oa «7r, ff dx, dx,, ae x 
1*e 
2 
L(L - x_)k L(L - x,)k! Keb KEL 
xX sin Dex = sin a" 3) =e ~ x 
1 2 % = *p 
KL KL 
x 8 x - a7 dk dk dK Saks - (9.17) 


It follows from the relation (9.17) that the fields of X and S are not statistically homogene- 
ous in the plane x = L (for these fields to be statistically homogeneous, the factors (Kk, - KA), 
B(Ks - Ks) would have to appear in the right hand side of (9.17). It is clear that these fields 
must be homogeneous on the sphere r=. The departure from statistical homogeneity is rela- 
ted in the first place to the fact that we are examining the field in the x = L plane and not 
on the sphere r = I., and in the second place to the fact that the unperturbed wave appears in 


our case in the form 


“foal GED] 


so that the direction y = 0, z= 0 is singled out. 


se 


We now calculate the mean square fluctuation x= of the logarithmic amplitude. Since 


° i(K.y + K 32) 
X(L,y,Z) = fT] € dak, Kz,L) , 


then, setting y = z = 0, we obtain the formula 
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X(L,0,0) = fy da(K5)kz 1) : 


Consequently, we have 


x“(L,0,0) = X(L,0,0)X*(L,0,0) = 


- repy alk Ky L)Ga*(KE KEL) - (9.18) 


Using the expression (9.17), we find 


LL 00 2 
xX = «Ay* Se F “et on |x - x | wtp x 
~ 2.2 n\ x, 7 x, 7 1 2 ekx 
x, X J 1 1 
oO 12 —00 
L(L - x)K** Ku «SL KL K31. 
xX sin thx fo) x 7x 5 x dk nk ,dK A dK 5 ° (9.19) 
2 L 2 1 2 


Taking into account that 


ft t 
K ol K x , x, Kz] KL Xp x 
o| = S [Ky = Ky and &| —<--— =7 5 Kz 7 Kz , 
1 2 1 *, *o 1 


we cerry out the integration with respect to Ks and Ky obtaining 


tng 
Ind 


ras 
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x sin ————5—-— dk ,dk., . (9.20) 


Since 


BO (KosKs, [€|)= F (ve + KS ; el) = F(k, |€|) 


in the case of isotropic turbulence, then in Eq. (9.20) we can go over to polar coordinates in 
the (KosKz) plane and carry out the integration over the angular variable, on which the inte- 


grand does not depend. As a result, we obtain the formula 


D 2 r ve KL L(L - x) 
X" = Onk f Kak ia Fo x |x, - x5] } sin x, x 
oO 0 0 
Ix.(L - x,)k° dx.dx 
2 2 12 
x sin => =, 4. (9.22) 

Okx x 
1 1 


We designate the inner integral in (9.21) by P({k), i.e. 


Ls L(L - x Ke 
P(K) = L" [I Fh (2 ’ Ix, - *) sin a 


2 
Lx,(L - x,)K dx dx 
x sin —* = ao c. (9.22) 


ckx, xy 
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We make the change of variables x, - x, = &, xX, = 7 in this integral. Then we have 


i L(L - n)Ko . 
P(K) =~ «LS [ Fh sin —a — f r, (& #1) x 
n -L 


0 i 
oO 
L(n - €)(L = 1 + €)K 
x sin —————_,—_— 4 . (9.23) 
ekn 


Consider now the inner integral 


2 
/ 7 L(n - &)(L - n + €)k 
Q = f F (@, np) sin ——__—__5—— dt . (9.24) 
n\7 2ken, 


Since the function F(x, |€|) 18 appreciably different from zero only for KE $1, then only the 
part of the region of integration where [e|KL/n s 1 or |t| < n/KL contributes appreciably to 
the integral (9.24). Since kL >>1 (the chief influence on the values of the fluctuation field 
at the observation point is due to inhomogeneities with dimensions of the order JAL » Lee 

KL « L/» >>1 (see page 140), then é | << n in the important region of integration. There- 
fore, we have 7- €~ 7 andL- nt & ~L- ne It can be shown that the discarded terms in 


the argument of the sine are of order no larger than VaA/L << 1. Therefore Eq. (9.24) takes 


the form 
L(L = )K 
. KL 
Qe sin a. |) a . (9-25) 
Since the function Fa (f, ) falls off quickly to zero even for lel < n, the integration 


(9.25) can be extended between the limits -~ ando. Taking into account that (see page 2) ) 
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we obtain for Q the expression [ce] 


L(L - ne 
Q = ex sin ——y—— oF (9.26) 


Thus we have 


2,2 a ~ ve KI ay 
P(K) = 2nk l sin OKA $. os 2 . (9.27) 


re) 


Making the change of variables KL/n = K' in (9.27), we obtain 


P(kK) = 


ani Kt = K)| G (x*)ax' . (9.28) 


Substituting this expression in Eq. (9.21), we have 


*ol 


2, fi ax ii ein’ | (Kt - K)| B (kt )axt . (9.29) 


Changing the order of integration with respect to K and K' in (9.29) and simultaneously relabel- 


ing the variables of integration K and kK‘, we obtain 


LK'(k - K') - 
= en AL / G(«) ax i sin ° eee <r KO ae . (9.30) 
The inner integral in (9.30) reduces to the Fresnel integrals 


x x 
“* nto 
C(x) = / cos dt , S(x) = [ sin “> dt, 
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and equals 


1 nk Ko KL . KL KL 
573 VE ow Sc (VEE) + oie (/ , 


s0 that 


co 


xP = ones | - JE fn eV) + 


0 


+ sin Kh S ( 2) G (k)kdk (9.31) 


Eq. (9.31) expresses the mean square fluctuation of the logarithmic amplitude of a spherical 
wave in the casevA << t, in terms of the spectral density 0 (xk) of the refractive index fluc- 


tuations [a]. A similar formula exists for the mean square phase fluctuation of the wave, 


namely 


[oe] 


[Oxx 1 [et 
sf = Oat AL i 1 + 2 cos = C ( aad + 
+ sin Ka S (VE $ (k)KaK . (9.32) 


However, we note that while Eq. (9.31) can be extended to the case of locally isotropic turbu- 
lence (since the term in curly brackets in (9.31) goes to zero like xt as K > 0), Eqe (9.32) is 
valid only in the case of homogeneous and isotropic turbulence. 

Consider the case where the relation Vai << to holds. In this case, the relation ia! <il 
holds for all values of k for which } (x) is different from zero. Making a series expansion of 


the integrand of (9.31) in powers of V KoL,/Onk » we obtain the formula 
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Fad? [Flore (9.33) 


For comparison, we give here the formula which determines xe for a plane wave when \V/AL <to. 


In Chapter 6, we obtained the formula 


FA(K,0) = = p16 Lk *F. (k) ’ 


from which it follows that 


ol 
it 
» 
—, 
| 
on 
Xx 
Ss 
A 
vi 


& f a . (9.34) 


Comparing Eqs. (9.33) and (9.34), we convince ourselves that when \/AL << l., the mean square 
fluctuation of the logarithmic amplitude of a spherical wave is ten times smaller than the 
corresponding quantity for a plane wave, and that this ratio does not depend on the form of 
the spectral density of the refractive index fluctuations (or on the form of its correlation 
or structure function) [e]. 

We now consider the case where the correlation function of the refractive index fluctua- 


tions exists and has the finite integral scale L, (see page 144); 


co D re) 
1 yas 
L = B,(O) | B (r)ar = eC) [ $ («) Kak e 
fe) fe) 


For VAL >> t, we can neglect the rapidly oscillating function in the integrals (9.31) and 


(9.32) (see the similar example for a plane wave on pages 143-144), obtaining the forma 


n 


- axe. | (Kk) Kax = n LL, (9.35) 
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which coincides with Eq. (7.68) for a plane wave. Thus, for \/AL >>. , the mean square 
amplitude fluctuations of a plane wave and of a spherical wave are equal to each other. 

We now consider two concrete examples. 

1. Let the field of refractive index fluctuations be homogeneous and isotropic and let 
it be described by the correlation function 

—_ 2, 2 
a 2 
Br) =n-e /2 . (9.36) 

The mean square fluctuation of the logarithmic amplitude of the wave for \/AL < a can be 


found by using Eq. (7.78) for a plane wave. Bearing in mind that for a spherical wave the 


quantity X° is 10 times smaller than (7.78), we obtain 


lee AVE. 
PAVE, 


. (9.37) 


rol 
ee hee 


This expression agrees with the quantity found in Bergmann's paper [45 ] by using the equations 
of geometrical optics. If \V/AL >a, the mean square fluctuation of the logarithmic amplitude 
of the spherical wave agrees with the corresponding expression for a plane wave. Using Eq. 


(7.80), we obtain 


x? VE? 1a . (9.38) 


A more detailed investigation of the expressions for x° and s° 


[58,61] for the special case where the correlation function of the refractive index fluctua- 


is carried out in the papers 


tions has the form of the Gaussian curve (9.36). However, we shall not give the expressions 


appearing in these papers, which express x2 and go 


1 for an arbitrary value of the ratio VAL /a, 


because of their excessive complexity. (In the limiting cases of small and large values of 

the parameter \/AL /a, these formilas agree with the relations (9.37) and (9.38).) Moreover, 
the applicability of Eqs. (9.37) and (9.38) in practice is quite doubtful, since the correla- 
tion function of the refractive index fluctuations does not have the form of a Gaussian curve 


under actual atmospheric conditions. 
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2. We now consider a much more realistic example, when the field of refractive index 


fluctuations is locally isotropic and is described by the "two-thirds law". As we have already 


seen, the spectral density $ (x) corresponding to this law can be taken to be 


0.03% cf eil/3 


3 


for K < kK 
m 


B(x) = 


(9.39) 


for K>K 
m 


We calculate the size of the amplitude fluctuations separately for VAL < Lo and \/AL >> tl. 


—_—_—— 


In the first case we can use the expression a = 2.46 cn 1? yl which is valid for a plane 


wave. Dividing this expression by 10, we obtain 


-——— 


X° = 0.25 C 213 7/3 | 


(9.40) 


For \V/AL >> t. (and at the same time VAL <tL) we have to use the general formula (9.31): 


K 


m 
= x*(0.035)08 | hl/3 1 - /ak KL g KL 
O 


+ sin Kh (y &) KdK « (9.41) 


For aL >> 4, the upper limit of integration in (9.41) can be replaced by infinity. Making 


\/ 2 
in addition the change of variables VK L,/ stk. = xX, we obtain the expression 


—_—seme 


X° 2 0.14 C, 2 7/6 5 11/6 [> -8/3 (. Moos C(x) + sin 7+ = 3(x)] dx . 


(9-42) 
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By numerical integration, we find the integral in (9.42) to be equal to 0.90. ‘Thus, for 


VAL o> tos we have 


x- = 0.13 c ei /6 pio | (9.43) 


The expression (9.43) differs from the corresponding expression (7.94) for a plane wave only 
by the numerical coefficient. The mean square fluctuation of the logarithmic amplitude of a 
spherical wave in the case \V/AL >> bo is approximately 2.4 times smaller than the correspond- 


ing quantity for a plane wave. 
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Part IV 
EXPERIMENTAL DATA ON PARAMETER FLUCTUATIONS OF LIGHT 


AND SOUND WAVES PROPAGATING IN THE ATMOSPHERE 


Chapter 10 
EMPIRICAL DATA ON FLUCTUATIONS OF TEMPERATURE AND WIND 


VELOCITY IN THE LAYER OF THE ATMOSPHERE 


NEAR THE EARTH AND IN THE LOWER TROPOSHERE 


hxperimental investigations of the fluctuations of meteorological fields have been 
initiated comparatively recently, so that there is a lack of detailed data, with the excep- 
tion of some investigations devoted to the study of fluctuations of wind velocity and tem- 
perature in the layer of the atmosphere near the earth (17, 36, 37, 62, 63]. It is charac- 
teristic of turbulence in the layer of the atmosphere near the earth that the turbulent 
regime is strongly influenced by the earth's surface; therefore such turbulence has its own 
special peculiarities. The layer of air several tens of meters thick lying near the earth's 
surface ig a turbulent boundary layer [14, 64, 65]. In the simplest case, where the air 
moves over a plane surface, its mean velocity u is a function of the height. In the case 
where we can neglect the effect of the buoyancy forces on the motion (the buoyancy forces 
appear when the mean air temperature depends on the height), the wind velocity varies with 


the height according to the logarithmic law [14, 64, 65] 


Vx 


u(z) = = log =; (10-2) 


O 
which is valid for z >> Zs Here v, is a constant with the dimensions of velocity, kK is a 
constant approximately equal to O.4, and Z is a height determined by the roughness of the 
underlying surface. 
Eq. (10.1) is valid up to heights of the order of several tens of meters (30-50 m); 


for large values of z, the growth of u(z) slows down. Within the logarithmic boundary layer 
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of the atmosphere, characteristics of the turbulence like the rate of energy dissipation e, 
the coefficient of turbulent diffusion K, etc., also depend on the height. To a first 


approximation, the quantities K and e (see pages 29, 41) are given by the formulas [64, 65] 


; (10.2) 


rae 


K = K v,Z. (10.3) 


In Part I, we obtained the expression D ay) = ce 2/3, where ce = oe2/3, for the structure 


function of the wind velocity. Substituting Eq. (10.2) into this last formula, we obtain 


Oo 
Vy 


2 C 
C. = “273 73 ° (10.4) 


Thus, in the logarithmic boundary layer of the atmosphere, the structure constant C, falls 
off with height like 21/3 [a]. 

We can also write a similar expression for the concentration fluctuations of a conser- 
vative passive additive §. In Part I we obtained the following formula for the structure 


function of 9: 


du/dz 


Substituting the expressions (10.3) and (10.1), we obtain the formula 


. (10.5) 


In the case of a logarithmic wind velocity profile, the mean concentration $ of a passive 


conservative additive is also distributed according to a logarithmic law (64, 65]: 
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9(z) = const + %, log = , (10.6) 
O 


where $, 1s a constant with the same dimensions as 9. Substituting (10.6) into Eq. (10.5), 


we obtain the expression 


2 2 4/5. 
Cosa kK BTR? (10.7) 
similar to Eq. (10.4) for c. 

Eqs- (10.6) and (10.7) can be applied to describe the form of the mean temperature pro- 
file and the character of the temperature fluctuations in the layer of the atmosphere near 
the earth. However, we should remark at once that in the case where the mean temperature 


of the air varies with height, in particular when 
T(z) = const + T, log — , (10.8) 
O 


Eqe (10.1), which describes the wind profile, becomes inapplicable. However, when the ver- 
tical gradients of the mean temperature have small values, the correction to Eq. (10.1) is 
also small, and to a first approximation we can disregard it. In this case, we have approxi- 


2/3 


mately DAT) =(Cr » where 


T 


2 
2 2 h/z 1s 
Cn =a K B53 ° (10.9) 


Zz 


The quantities oc and on defined by Eqs. (10.4) and (10.7) depend on z and change appreciably 


¥) 
when z is changed by an amount of the same order of magnitude as the value of z itself. 


Therefore, in the boundary layer, the "two-thirds law" holds for distances r which are restric- 


ted by the condition 
r<<zZ (10.10) 
(see page 50). For large values of r, the structure functions D(x) and DAP) grow more 


slowly then r2/ ? [66, 67]. 
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In experimental investigations of the microstructure of the fields of wind velocity, 
temperature, humidity, etc., in the atmosphere, one must use very sensitive, low inertia 
instruments. Ordinarily, hot wire anemometers are used to measure wind velocity fluctuations 
[17, 68], and resistance thermometers are used to measure temperature fluctuations [68, 36, 37]. 


There still do not exist sufficiently low inertia humidity detectors, which satisfy the neces- 


sary requirements (high sensitivity, small working volume) for measuring turbulent fluctuations. 
A hot wire anemometer is a thin wire (usually of platinum), which is heated by an electrical 
current to temperatures of several hundred degrees centigrade. The heat exchange of the wire, 
and consequently its temperature, depends on the velocity of the wind flowing past it; this 
allows one to relate the electrical resistance of the wire to the velocity of the flow incident 
on it [b] . The inertia of the hot wire anemometer is very small (for a wire of diameter 20 un, 
it does not exceed 0.1 sec [68] ), ana its dimensions are of the order of one or two centimeters. 
To measure the structure function of the wind velocity, two hot wire anemometers are put in 
opposite arms of a Wheatstone bridge, so that the current through the galvanometer is a function 
of the difference of the wind velocities at the points where the anemometers are located. For 


a detailed description of the apparatus, see the papers [17, 68]. 


Measurements of wind velocity fluctuations in the atmosphere made by both Soviet [17] 
and foreign workers [69] have confirmed the "two-thirds law" to a sufficient degree of accu- 
racy. In Fig. 14, we show the empirical structure functions obtained by Obukhov at various 
heights above the earth's surface [17]; the curves correspond to the "two-thirds law™. ‘The 
dependence of the structure constant Con height, expressed by Eq. (10.4), agrees satisfac- 
torily with the experimental data, where, according to Obukhov's data, the constant C equals 
1.2. Measurements performed by Townsend [vo], lead to the value JC = 14 [ec]. Thus, the 
formulas Dy) = ce re! 3 and ce = ove (Ken?) -1/3 have been confirmed experimentally. This 
allows us to make quantitative estimates of the fluctuations of wind velocity using simple 
measurements of the profile of the mean wind speed in the layer of the atmosphere near the 
earth. Measuring the mean values wy and u 


of the wind speed at two heights z_ and Zn within 


2 1 
the layer of the atmosphere near the earth and applying Eq. (10.1), we can determine the 


quantity v,: 


Vy = ° (10.11) 
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Then the quantity Cc. can be determined from the formula 


Cos 1 7 Ye! (10.12) 
v= Is 
at ? log(z,/z,) 


where K ~ 0.4 and /C ~ 1.4 [a]. In the layer of the atmosphere near the earth, Cis equal 


to a few cgs units in order of magnitude. 


lvl /v 
0.08 


0.06 


Fig. 14 Empirical structure functions of the wind 
field in the layer of the atmosphere near the earth [17]. 

We now consider measurements of temperature fluctuations in the layer of the atmosphere 
near the earth. The difference between the temperatures at two points can be measured by using 
a pair of low-inertia resistance thermometers (platinum wires a few tens of microns in dia- 
meter), included in the circuit of an unbalanced Wheatstone bridge. The voltage across the 
galvanometer arm, which is proportional to the temperature difference of the detectors, is 
amplified and then subjected to statistical analysis. (For a discussion of the apparatus, see 


the papers [36, 37, 68] .) Fig. 15 shows the empirical structure function of the temperature 
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field obtained by Krechmer; the curve corresponds to the "two-thirds law". 


|AT|, °C 
0.08 
0.06 
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Fig.e 15 Empirical structure functions of the tempera- 


Numerous measurements 


of the atmosphere near the 


field in the layer of the atmosphere near the earth. 


of the structure functions of the temperature field in the layer 


earth's surface have been made by the author of this book [37] - 


The measurements confirmed the "two-thirds law" for the temperature field and allowed the 


intensity of the temperature fluctuations to be related to the mean temperature profile. 


16 shows the experimentally obtained dependence of the quantity Cn on K 


Fige 


2/373) 3 (see Eq. 


(10.9)); each point of the graph was obtained as a result of measuring the structure function 


D,{r) for four values of r, beginning with r = 


3 em and ending with r=1m. The right hand 


half of the graph corresponds to unstable stratification of the atmosphere, i.e. to a decrease 


of the mean temperature with height, while the left hand side corresponds to stable stratifi- 


cation (temperature inversion), i.e. to an increase of the mean temperature with height. 


is evident from the graph, for unstable stratification the empirical dependence of C 


el 3g71/ 3 


As 


m On 


~ corresponds to Eq. (10.9), and the coefficient a turns out to be equal to 2.40. 


For stable stratification (temperature inversion), the growth of C, lags behind the growth of 


2/3, V3 


» which is a consequence of the influence of the temperature stratification on the 
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turbulent regime (violation of the condition that the additive be passive ). However, even 


in this case we can determine the empirical dependence of Cy on Ply By (see Fig. 16, 


where the curve indicates the empirical law obtained by analyzing the experimental data by the 
method of least squares [e]). 
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Fig. 16 Dependence of Co the characteristic of the tempera- 
ture microfluctuations, on meteorological conditions. 

@, August 1954; A, March-April 1955; O , June-July 1955 
(1.5 m);O , June-July 1955 (22 m); x, July-September, (1955) 
(The values of C, plotted in the lower left hand quadrant 


are positive.) 
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The graph in Fig. 16, or Eq. (10.9) in the case of unstable stratification, allows us 
to make quantitative estimates of the size of the temperature fluctuations by using compara- 


tively simple measurements of the mean temperature profile in the layer of the atmosphere near 


the earth. By measuring the values T, and T,, at two heights z, and z, and applying Eq. (10.8) 


1 2 


we can determine Ty: 


(10.13) 


x 7 


1og(z,/25) 


Then the quantity C 


T can be determined in the case of unstable stratification by using the 


formula 


Cy = 2.40 e/5 1.4 44 (10.14) 
1/3 log 2/3 log = 
29 25 


or by using the graph (Fig. 16) in the case of stable stratification. It is clear from the 
figure that the size of Cn in the layer of the atmosphere near the earth varies from zero 
(for isothermal stratification of the atmosphere) to values of the order of 0.2 deg om 2/ 3, 


Fig. 17 shows the monthly-averaged diurnal trend of the quantity C_ (for August 1955); this 


T 
curve can also be used to estimate the size of One 

In addition to measurements of the temperature structure function in the layer of the 
atmosphere near the earth, measurements have also been made of the temperature fluctuations 
in the lower troposphere up to heights of the order of 500-700 m (on tethered balloons) [60]. 
These measurements have also confirmed the "two-thirds law". The values of Cr s0 obtained 
lie in the range 0 - 0.03 deg on 1/3, At nighttime, appreciable temperature fluctuations 
(C,, ~ 0.01 - 0.03 deg en 1/3) are observed only in the inversion layer near the earth, which 
usually extends from the level of the earth up to heights of the order of hundreds of meters. 
During the day when the stratification is unstable, temperature fluctuations in the lower 


troposphere are usually observed up to greater heights [f]. 
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Diurnal trend of C 
phere near the earth (August 1955). 
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Chapter 11 
EXPERIMENTAL DATA ON THE AMPLITUDE AND PHASE FLUCTUATIONS 


OF SOUND WAVES PROPAGATING IN THE LAYER OF THE ATMOSPHERE NEAR THE EARTH 


Beginning in 1941, Krasilnikov and his coworkers performed a series of experiments to 
study the amplitude and phase fluctuations of a sound wave propagating in the layer of the 
atmosphere near the earth. The time structure function [S(t+7) - s(t)]* of the phase fluc- 
tuations and the mean value [aog(a/a,)]* of the fluctuations of logarithmic amplitude of the 
sound wave were measured in Krasilnikov's experiments. First we consider the phase fluctua- 
tions of the wave. In the case where the inhomogeneities in the distribution of wind veloc- 
ity and temperature do not have time to change appreciably in the time tT, we can assume that 
they are merely convected (without "evolution™) by the mean wind [a]. If the direction of 
the wind is perpendicular to the direction of propagation of the sound and if its velocity 
is v, then the value S(t+t) of the phase at the point M coincides with the value at the time 


t of the phase at the point which is a distance vt away from M. Thus we have 
2 — 
[s(t + +) - S(t)] =D,(tv) . (11.1) 
According to Eq. (7.101) 
D.(p) = 2.91 1-102 99/3 
S n 
for Lo << op. Thus, the relation 


On =| [S(t + 1) - s(t)]* = 1.7 or? (29/6 , (11.2) 


must be satisfied, i.e., the phase variability is proportional to the structure constant Cw 


to the sound frequency, to the square root of the distance traversed by the sound wave, and 


to the time interval raised to the power 5/6. Fig. 18 shows the dependence of g. on L, 


S 
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obtained by Krasilnikov and Ivanov-Shyts [71], while Fig. 19 shows the dependence of o., on 


vt3 the sound frequency is 4000 Keps, the distance L = 22, 45 and 67 nu, v= 5 m/sec, t= 0.04, 


0.08 and 0.2 sec. 
Os 
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Fig. 18 Dependence of the phase fluctuations of 
of a sound wave on distance. (The quantity /L 
is plotted as abcissa, and the average value of 


On for various At is plotted as ordinate. 
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Fig. 19 Dependence of the fluctuations of the phase differ- 


ence o, = [S(t+t) - s(t)]* on t. (The quantity (F17)2/6 
is plotted as abcissa, and the average of oe for various 


values of L is plotted as ordinate). 
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As can be seen from the figures, the dependence of o, on L and VT agrees satisfactorily 


S 
with Eq. (11.2). Ultrasonic experiments performed at frequencies up to 50 Keps also lead to 


satisfactory agreement between the experimental and theoretical results [72] . Thus, the 


dependence (11.2) has been confirmed experimentally over a frequency range from 1 to 50 Keps. 


Fig. 20 shows the dependence of the quantity On =\/ [1og(a/a,)]° on the distance (all 


the data are referred to the distance 22m). The dependence of o, on L is satisfactorily 


A 


approximated by the formula o, = AL”, where a ~ 0.8. Note that we ought to have a ~ 0.92, 


A 
according to Eq. (7.94). (In the experiments under consideration \/AL >>.) ‘Thus, the 
fe) 


experiments of Krasilnikov and Ivanov-Shyts agree satisfactorily with the theoretical formula 
(7.94). 
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Fig. 20 Dependence of the fluctuations of logarith- 
mic amplitude of a sound wave on the distance. (The 
ratio of the fluctuations at the distance L to the 
fluctuations at the distance 22 m, averaged over 
nearby frequencies, is plotted as the ordinate.) 


Using the results of measurements of the quantities Tq, and oO,» we can estimate the quan- 


tity C, appearing in Eqs. (11.2) and (7.94), which characterizes the intensity of the fluc- 


tuations of the sound velocity. If we use the formula 


°g 


C = 
"47k pl 2(5,)2/6 


fe) ~W1 —_ 
to find C_, with the values Og = 46> = 0.8 rad, k = 58m (f = 3 Keps), L = 67 m, v = 5 m/se 


tT = 0.2 sec, then Ca turns out to be equal to 0.0010 m2 /3, This same quantity, determined 
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from the relation [b| 


on 


C ” 9.56 gi /i2 p1i/ie 
n 0.56 x! 12 11/12 


with the value o, = O.44 and the same values of k and L, turns out to be equal to 0.0016 nt/3 


(o, and O, are taken from the paper [71] ). If we bear in mind that the values of On, and aN 


were obtained as a result of analyzing phase and amplitude fluctuation records of different 
lengths, then the agreement we obtain between the values of Ca must be regarded as satisfactory. 


In Part III we obtained Eq. (6.91), which relates the quantity C. for acoustic waves to the 


2 2 


‘quantities C,, and Cc. determining the fluctuations of temperature and wind speed, i.e. 


T 
| 2 2 
; 2 T Cy 
| Ca =—— + 3» (11.3) 
4p C 
fe) 
| where c¢, is the mean sound velocity [c]. Using Eqs. (10.12) and (10.14), which express Cr 
‘and Cy in terms of the mean values of the temperature and wind speed at two heights Zo and Zo 
i 


‘in the layer of the atmosphere near the earth, we obtain the formla 


cf. 29 xX 10 8 x 10 o 4 9.9(A¥)>| , (11.4) 


"Peay 


| vhere we have used the values T = 290°C and c= 440 m/sece Here AT = T(z.) - Tz,) and 

IA Vs v(z,) - v(z,) are expressed in “°C and m/sec, respectively. ‘The value C= 0-0010 m 1/3 
jobtained above corresponds to a velocity difference Av for the heights Zo = 8 m and z= 4m 

| equal to 1 m/sec [a], which represents a typical value. Thus, Eqs. (11.2) and (7.94) give the 


‘correct results for the order of magnitude both of the amplitude fluctuations and of the phase 


‘Pluctuations of the wave. 

Quite similar measurements of the amplitude fluctuations of a sound wave were made by 
[Suchkov [73] in 1954. The measurements of the fluctuations of acoustic amplitude were accom- 
fpanied by simultaneous measurements of the profiles of mean temperature and mean velocity, which 

ermitted the calculation of Co by using Eq. (11.4). Fig. 21 shows the dependence of 


a = \/ [log(a/a,)]° on L obtained by Suchkov (for a frequency of 76 Keps). It is clear from the 


igure that the experimental results are well described by the theoretical formula (7.94), i.e. 


t 
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2 2 7/6 1/6 


_ ll. 
6 = 0.51 Clk (11.5) 


(In all the experiments, the condition AL >> 4. was satisfied.) 


On 
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Fig. 21 Dependence of the fluctuations of logarithmic amplitude 
of an ultrasonic wave on the distance (f = 76 Keps). 


Suchkov carried out 28 series of measurements of the dependence of the quantity oO = f(L) 
on frequencies from 4 to 76 Keps. The experimental data were approximated by the formula 
o, = AL”, The mean value of a for acoustic waves (18 series) was equal to 1.1, while the mean 
value of a for ultrasonic waves (30-76 Keps) was 0.95. The values of a obtained are close to 
the theoretical value of a = 11/12 = 0.92. Suchkov calculated the value of the quantity nN 
using Eqs. (11.4) and (11.5) and measurements of the profiles of temperature and wind velocity 
Fig. 22 shows a comparison of the values of On (denoted by One) obtained as a result of direct 


measurement and the values of a, (denoted by Cnet) calculated from Eqs. (11.4) and (11.5) by 


using simultaneous measurements of the profiles of mean temperature and mean wind velocity. 
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The correlat 
are plotted 
equal 1.4, 


ward, and the 


; and log Cnet 


in the figure). In calculating Cs the constant Je (see p- 190) was taken to 


fon coefficient between the quantities log o equals 0.90 (97 points 
a 
If we take C = 1.2 (see p. 192), then the whole group of points is translated up- 


regression line does not go through the origin of coordinates. Thus, measurements 


of the quantity 0, lead to the same value /C = 1.4 as obtained by Townsend using a wind tunnel. 
log o, meters -1.5 -1.0 -0.5 0 
0 
O oO 
© 
° Oo 
O Oo O 
Oo" cs aXe) 
6° O °° 
O a 
e 
OM 7°. 
fe) yy: -0.5 
O 
oF 
OC 6 0°? 
Oo oO 
6 f° 
Oo % Oo O 
O 
O 
Oo e) 
o0 8° VS oo 0 
re) ® Oo 
Ke) 50 O 
—1.0 
O ole 
OQ 
O fo 
@ 
Oo O 
O 
o O 
O 
O 
O -1.5 
LN 
RS 
5S 
@ 
we 
C O log Oac 
& 
co 


Fig. 22 Comparison of measured values of the amplitude fluctuations of sound waves 


(3 Keps < f < 76 Keps) with values calculated by using measurements of the 
profiles of wind velocity and temperature. 
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Suchkov also made measurements of the time autocorrelation function of the amplitude fluc- 
tuations of a sound wave. In the case where the direction of the wind is perpendicular to the 
direction of propagation of the sound and the correlation time is considerably less than kz/v,, 


[a] » the relation 


A 
O 


tog AE 4) yo, AED - B, (vr) (11.6) 
O 


is approximately valid. The function B ,(e) for JL >> !, was calculated above (see Fig. 13). 
The correlation distance of the amplitude fluctuations is equal to VAL in order of magnitude. 
It follows from (11.6) that the correlation time of the amplitude fluctuations is of order 

Jab / Ve Fig. 23 shows correlation functions obtained by Suchkov for the amplitude fluctua- 


tions, where the vt/\/AL is plotted as abcissa 


Fig. 24 Empirical autocorrelation functions of the fluctuations of 
logarithmic amplitude. (1, L= 4m; 2, L= 8m; 3, L = 16 m) 
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The different curves correspond to different distances between the transmitter and the receiver 
(4, 8 and 16m). If we plot the quantities log(a/A)log(a'/A,) = f(t) in natural units, i.e. 
as functions of t, then the curves obtained for different L have a different appearance. If 
we plot the curves in units of TO JVaL / ¥ » all three curves come closer together, especially 
for small values of vt/ /AL. 

Suchkov's experiments are in good agreement with the fluctuation theory presented in 
Part III. The comparison of measured and calculated values of the quantity oan illustrates the 
possibility of making quantitative estimates of the size of the amplitude fluctuations of sound 
waves by using simple measurements of the wind velocity and temperature profiles in the atmos- 


phere. 
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Chapter 12 
EXPERIMENTAL INVESTIGATION OF THE SCINTILLATION 


OF TERRESTRIAL LIGH? SOURCES 


Introductory remarks 


An investigation of the scintillation of a terrestrial light source was carried out 
during 1956 and 1957 at the Institute of Atmospheric Physics of the Academy of Sciences 
of the USSR [74,75] - Experiments in the layer of the atmosphere near the earth are very 
attractive, since in such experiments, in addition to measurements of the amount of scin- 
tillation of the light source, one can simultaneously make measurements of the refractive 
index fluctuations (i.e. determine the size of o“); moreover, one can make measurements 
for different and accurately known values of L. Thus, terrestrial experiments can give 
much more complete data than stellar scintillation experiments, data which can easily be 
compared with the theory of the phenomenon. 

A portion of steppe with a regular profile was selected for making the experiment; 
this guaranteed homogeneity of the turbulent regime along the entire propagation path of 
the ray. (The light was propagated in the horizontal direction at an approximately uni- 
form height above the underlying surface.) The light source could be moved to different 
points, located at distances of 250, 500, 1000 and 2000 meters from a fixed point. At 
distances closer than 250 m, the effect of scintillation was lower than the noise charac- 
terizing the apparatus which was used, and therefore measurements were not made at such 
distances. It was difficult to use distances greater than 2000 m, because of irregular- 
ities of the profile of the terrain. The average height of the ray above the underlying 
surface was 1.5 m for operation of distances of 250 and 500 m, 2m for operation at a 
distance of 1000 m, and 5m at a distance of 2000 m. 

A 50 watt incandescent lamp was used as a primary light source. The light from it 
was focused on a diaphragm 0.5 mm in diameter by using a light-concentrating objective. 


Behind the diaphragm was placed a light chopper rotating at 100 revolutions per second, 
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whose dise contained 150 slits. The diaphragm was located at the focus of the exit objec- 
| tive (with a focal distance of 250 mm and diameter of 100 mm) of the light source, out of 
which emanated a weakly divergent bundle of light, modulated with a frequency of 15,000 eps. 
; The modulation of the light, with subsequent resonant amplification of the signal at the 
carrier" frequency, made it possible to avoid the influence of extraneous, unmodulated 
; light sources, and also simplified the receiving apparatus (the need for using a de amplifi- 
\fier disappeared). 

The light receiver (Fig. 24+) consisted of two type FEU-19 photomultipliers; the light 
incident on these tubes had first passed through two diaphragms located in the plane per- 
. pendicular to the ray and then through a system of prisms. The distance p between the 
| atephragms could be varied over a range from 0.5 to 50 cm. The diameter of the receiving 
‘diaphragms was equal to 2 mm, which completely eliminated the effect of "objective-aver- 


iaging™ (see below). The ac components of the output voltages of the photomultipliers, 


‘the amplitudes of which were proportional to I(M, ) and I(M,); where I(M) is the instan- 


[ taneous value of the light current through the diaphragm located at the point M, were 


amplified by tuned amplifiers with pass bands of about 2000 cps, and then detected. Volt- 


A628 Vy and Vos proportional to I(M, ) and I(M,), were formed at the detector outputs. In 


the amplifiers there was a special tracking system which assured that the relation V5 = Vy 


lwas satisfied (with a constant averaging time of 100 sec). After subtracting out the dc 


{ components, voltages vs = vy - vy and Vo = V5 - V, were formed, proportional to the light 


urrent fluctuations *(M,) = I(M, ) ~ (M,) and I'(M,) = I(M,) - (M,) , respectively. ‘The 


roltages Va and V5 were subjected to automatic statistical analysis by using a special equip- 


bent setup (see [76]). 
| The following were measured (in identical units): the probability distribution of 


Teter v2 
Khe fluctuations I'(M,), the mean square fluctuation [x*(m, )] , the mean value T(M,), the 


‘correlation function I*(M, )I'(M,) = B(M, »M,), and the frequency spectrum of the fluctuations 


'T'(M, ) in the frequency range from 0.0% to 1000 cps. At the same time that the measurements 

wf the scintillation of the terrestrial light source were made, meteorological measurements 
2 

re made along the propagation path, which allowed the quantity CA to be calculated. Tem- 


perature profiles were measured in the layer from 0.5 to 12 m, as well as profiles of the 


na velocity and wind direction in the same range. By using these measurements, it was 
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possible to determine the turbulence parameters e€, K and T,. Since the experiment was 
carried out over a very level portion of steppe and since the turbulent regime was iden- 


tical over different parts of the propagation path, meteorological measurements were set 


up only at one point. 


We now give the basic results of the measurements. 


Frequency Recorder 
analyzer 
Amplifier Amplitude Recorder 
and detector anaiyzer 


Squarer Gg 


Light source 


2nd diaphragm y Us 


Photo- 
multiplier 

Amplifier Subtracting Squarer (/ 
and detector circuit 4) 


Fig. 24 Block diagram of apparatus for measuring 
the scintillation of a terrestrial light source. 


12.1 The probability distribution function of the 


fluctuations of light intensity 


It follows from the theory of the phenomenon that the logarithm of the amplitude of 
the light wave is expressed in terms of the refractive index fluctuations along the pro- 


pagation path by using an integral of the type 


log(A/A,) = Lf] F(Z" )n'(#" av". 
D 
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In this integral we can subdivide the whole region of integration D into a large number of 
regions D, with linear dimensions of the order of the outer scale of turbulence Ly» which 
under the conditions of the experiment are of the order of the height of the ray above the 
ground. There is no correlation between the fluctuations of n(r') in these regions. There- 


fore, we obtain the forma 
log(A/A) = >) [ff F(x? )n'(x')avt , 
1 D 
el 


which expresses log(A/A,) as the sum of a large number of uncorrelated terms. Because of 
the central limit theorem, the quantity log(A/A,) must be distributed according to a nor- 
mal law [a]. Since log(I/I.) = 2 log(A/A,), the quantity log(I/I.,) must also be distributed 
normally, and the quantity I must have a log normal distribution. 
The experiment gives good confirmation of this fact. In Fig. 25 the quantity 9 ~* fe(z)] 


is plotted as abcissa, where ¢ ~ 40x) is the function which is the inverse of 


x 


Q(x) = a | exp(-t/2)at 


and F(I) 1s the empirical distribution function of I, while the quantity log(I/T,) is plotted 
38 ordinate. In these coordinates the log normal law is indicated by a straight line Ip] - 
“n all, about 1CO empirical distribution fimctions F(I) were analyzed. All of them are in 
good agreement with the hypothesis of a normal distribution of the quantity log I. 

Using the hypothesis that the quantity log I has a normal distribution, we can relate 
)e 


the experimentally measured quantities of = (I - I)“ and I to the quantity 


1 


I ys \ A 2 
log > = log 5- ’ 
fe) O 


which figures in the theory. We can easily convince ourselves that they are connected by 


‘the relation 
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This formula was used to further analyze the experimental data. 
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Fig. 25 Probability distribution of the intensity 
fluctuations of light on a log normal scale. 


12.2 Dependence of the amount of scintillation 


on the distance and on the meteorological conditions 


(12.1) 


As already noted above, in the atmosphere the quantity L is a few millimeters in order 


of magnitude. Therefore, the parameter Lor = , » which determines the limit of applica- 


bility of geometrical optics, is 100 meters in order of magnitude. Consequently, in our 
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experiments the condition L >... was Satisfied, and geometrical optics was not applied 


in making the calculations. As follows from (11.5), in the case under consideration, o” 


is expressed by the formula 


of = 1.23 co y/6 71/6 | 


In the experiments described, simultaneous measurements of of at different distances 
between the light source and the receiver were not made. During the time necessary for 
transporting the light source from one point to another and for aiming the light source 

at the receiver, the meteorological conditions had time to change substantially. There- 
fore, in order to compare values of on obtained at different distances, it 1s first neces- 
Sary to reduce them to identical meteorological conditions. The simplest way of making 
such a reduction is to average the values of a” pertaining to one distance over all the 
measurements; this gives a value o“(L) which pertains to the average meteorological con- 


Gitions. The averaged values of Pa are given in Table 1. 


TABLE 1. 


—— meee ee eee 


Number of 


eaters 
L, mete Measurements 


2002 75 
LO00 17 
590 73 
ZO pe) 


A more accurate reduction of the values of a” to identical meteorological conditions 
was also made. For every distance L, the measured values of o were compared with simul- 
taneously measured values of the vertical temperature gradient dT/az, or more precisely, 
of the quantity Ci. = a(kz)@/>(ai/az), defining the intensity of the temperature fluctue- 
tions in the layer of the atmosphere near the earth (see Chapter 10). For each distance 
the dependence between o and Cn = a(n)! 2( ati/az) was approximated by the formula o = ACT ; 
where A and a were found for each distance by the method of least squares (in logarithmic 


units). The values of a found for different distances L turned out to be quite close 


ell 


together. The average for the four distances was a= 0.2. Thus, for all the distances, 


the dependence of o on C_, can be approximated by the same formula 


T 


0.2 
Oo = K(L)C,, . 


The values of K(L) (see Table 2) can now be determined for each distance as the regression 


1/3), 


coefficient of the values of o on one (the quantity Cn is expressed in degrees per cm 


The results given in Tables 1 and 2 are in good agreement with the theoretical dependence 
< pit/ie. 


TABLE 2 
L, meters ..... 2000 1000 500 250 
K (L) coaes 1.3 0.86 0.42 0.14 


If we approximate the data of Table 1 (Fig. 26) by the formula a” = const L and find 
the values of n and the constant by the method of least squares, then for n we obtain the 
value 1.96, which is very close to the theoretical value of 11/6 = 1.83. A similar value 
of n, determined from the data of Table 2, turns out to be equal to 2.1. This value of n 
is also close to the theoretical value of 11/6. Thus, we can regard the dependence of the 
amount of scintillation of light on the distance as agreeing satisfactorily with the theo- 


2 
retical formula o ox yit/6, 


12.5 The correlation function of the fluctuations of light 


intensity in the plane perpendicular to the ray 


As already noted [e], for \/AL >> to (for light this is practically always the case), 
the correlation distance of the fluctuations of light intensity is of order VAL » and the 
correlation function of the intensity fluctuations depends on the argument p/VJrAL . In the 
experiments which were carried out, this similarity hypothesis was immediately verified. 


Measurements of the correlation coefficient R were made for different values of VAL, corre- 


ele 


0 025 05 1 2 L,km 


Fig. 26 Distance dependence of the logarithmic 
intensity fluctuations of light. 
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Fig. 27 Empirical correlation function of the flucuations of light intensity. 
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sponding to L = 2000, 1000 and 500 meters. However, the distances P between the diaphragms 
were set in such a way that the quantity o/ ru always took the identical values 0.25, 0.5, 
1, 2, 4 and 8. ‘The measurements of R had a rather large scatter, caused by insufficient 
accuracy of measurement. However, the large number of measurements of R greatly decreased 
the error, so that the mean values of R obtained for the same o/ AL but different VAL 
agree very satisfactorily with each other. Table 4 gives the quantities R obtained for 


different values of L, and also the average data for all L. 


TABLE 3 
L = 2000 m L = 1000m L=500m | Averages for all L 
Ps JAL = 3.2 em| J/AL = 2.2 cm| VAL = 1-6 cm 
\/AL | 5% confidence 
R n n R n R n intervals 
0.25 0.58 8 0.46 15 — — 0.50 23 0.05 
0.5 0.27 9 0.31 19 0.27 12 0.29 LO 0.05 
1.0 0.09 11 0.10 18 0.16 15 0.12 LF 0.06 
2 -0.05 7 -9.05 15 -0.07 14 -6.055 46 0.08 
y -0.08 6 -0.09 13 -0.04 14 -0.062 33 0.08 
8 -0.08 7 -0.03 14 -0.13 9 -0.072 40 0.06 


Fig. 27 gives a graph of the data of Table 3. The values of R obtained for different 
L are indicated by different signs. It is clear from the figure that the difference in the 
values of R obtained for different VAL lies within the limits of accuracy of the measure- 
ments. (The vertical lines in the figure represent 5 percent confidence limits [a] .) The 
results obtained substantiate quite satisfactorily the theoretical conclusion that the 
correlation function of the fluctuations depends on o/ JrAL and that the correlation dis- 
tance of the intensity fluctuations is of order Vit. Thus, all attempts to determine 
"the average size of the inhomogeneities'in terms of the correlation distance of the fluc- 
tuations of light intensity are doomed to failure, since from these measurements one can 


only infer the quantity VAL. 
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12.4 Frequency spectra of the fluctuations of the logarithm 
of the light intensity (theory) 


Before presenting the results of measurements of the frequency spectrum of the inten- 
sity fluctuations, we consider the problem theoretically. Let I(y,2) be the distribution 
of the intensity of light in the observation plane x = L. Let the mean velocity of motion 
of the refractive index inhomogeneities be constant and equal to ¥ along the entire wave 
propagation path. We assume from the beginning that the refractive index inhomogeneities 
are "frozen-in", i.e., do not change during the process of convection. Below, we shall 
find the conditions which must be satisfied if such an approach to the problem is not to 
lead to appreciable errors. 

We resolve the velocity of motion Vv of the inhomogeneities into two components, i.e. 
v= Vv, +V,, where V_ is perpendicular to the direction of wave propagation and V, is 
paraliel to it. It is easy to convince oneself that convection of the inhomogeneities 
along the propagation direction does not lead to appreciable changes of the field I(y,z), 
provided only that the angle a between the wind velocity ¥ and the direction of wave propa- 
gation satisfies the inequality a >> JSA/L [e]. Therefore, we can assume that the field 
at the point (YZ) at the time t+ 1 coincides with the field at the point CY, ~ Vyt 
zy - v7) at the time toe Using this relation, we can express the time autocorrelation 


function R, (1) of the fluctuations of logarithmic amplitude at the point (¥,92,) in terms 


of the space correlation function B(P)+ 
= rs 12. 2 
y(t) = Blvyt) (12.2) 


As shown above, the transverse correlation distance of the amplitude fluctuations of the 
wave is of order VAL. It follows from (12.2) that the correlation time of the field is of 
order TO = ViL/V 

We now formulate the condition which when satisfied allows us to regard the refractive 
index inhomogeneities as "frozen-in". It is clear that for this to be the case, it is 


sufficient that the inhomogeneities of size VAL, which are chiefly responsible for producing 


el5 


the amplitude fluctuations of the wave, should not have time to change appreciably during 
the time TO As shown above (see Chapter 2), the "lifetime" of an inhomogeneity of size t 


is equal tot, ~4/v, t/(er) 1/3, For ¢~ \/\L we obtain * ~ JL (e Jaz) 71/3, 
ML 


This quantity must be large compared to t,, whence v >> (e Van)/?. But vis in order of 
magnitude equal to the velocity of the flow as a whole and can be expressed in terms of the 
outer scale of turbulence L,, i.e. v, ~ (er), Therefore, the "frozen-in" condition can 
be used in the case where JL << Lo: (This condition is practically always satisfied for 
light propagating in the atmosphere.) 

We now calculate the frequency (time) spectrum of the amplitude fluctuations of the 


wave. Denoting the spectral density of the fluctuations by W(f), we have by definition [2] 


vn is in order of magnitude equal to the velocity of the flow as a whole and can be expressed 
in terms of the outer scale of turbulence L|, i.e. v, ~ (er )¥/3. Therefore, the "frozen- 
in” condition can be used in the case where JL << Lo: (This condition is practically 
always satisfied for light propagating in the atmosphere.) 

We now calculate the frequency (time) spectrum of the amplitude fluctuations of the 


wave. Denoting the spectral density of the fluctuations by W(f), we have by definition [f] 


[2.¢) 


w(t) =u f cos(2nft)R, (1) ar 


Oo 


or 


w(t) = 4 f cos(2nft)B,(v,t)ar- (12.3) 


fo) 


Using the expression [2] 


B,(e) = Ox f F (k,0)5,(Ke)KaK 


and changing the order of integration, we obtain the formula 
fo 6] w 

W(f) = 8x { F (kK, 0)KaK f J (kv,t)cos(2nft)dt. 
O re) 


The inner integral is the well known discontinuous Weber integral [53]: 
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2p 


for Kove > An 
22 2 2 
co VK vn ae 
[ J (Kv_,1) cos( 2nft)dt - 


O 


@) for Kove < bn ft". 


Consequently we have 


W(f) = 8x [ F (k,0) Kok . 
poe 2.0 
Ont V wt 
a 
n 


22 2 
By the change of variables K vn” bat £ = K'v? this expression finally reduces to 


» O| ak. (12.4) 


Eq. (12.4) relates the frequency (time) spectrum of the amplitude fluctuations of the wave 
to the two-dimensional spectral density F (K,0) of the amplitude fluctuations. For com- 
paring the theory with experimental data it 1s convenient to consider the dimensionless 


quantity 


which satisfies the condition of being normalized in logarithmic units, i.e. 


OT 


[ U(f) dlogf = 1. 
O 


[o.0) 


2 
We use Eq. (7.87) for F (K,0) and Eq. (7.94) for X = f W(f)df, expressions which are 


O 
valid for the case cc = const. Then for U(f) we obtain the expression [n] 


* 2 2 -11/6 
i Q 
u(r) = ME) _ 1350 f - Se LI (4? 4 0?) at , (12.5) 
2 t +2 
Xx fe) 
where 
“n k Vn 
Q = t/t, and t = 3 \/ Ll = aa ° (12.6) 


As follows from Eq. (12.5), the quantity ew(2) xe is a function of Q = f/f.) which does 
not change its appearance when Vn and L are changed. (In logarithmic units, change of vn 
or L corresponds to translation of the curve U(f) along the horizontal axis.) The function 
f W(t) / f W(f)df is shown in Fig. 28, and the normalized fiumction U(f) obtained by numert- 


fe) 
cal integration of (12.5) is shown in Fig. 31 [i]. 
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Fig. 28 Theoretical shape of the frequency spectrum 
of the fluctuations of logarithmic amplitude for constant wind velocity. 
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12.5 Frequency spectrum of fluctuations of light intensity 
(experimental results) 


The frequency spectrum of the fluctuations of light flux was measured by using a fre- 


quency analyzer consisting of 30 filters, each with a bandwidth of one half octave 


(f /f 


upper’ “lower ~ v2), arranged in a bank one half octave apart, from 0.05 to 1160 cps. 


80 scintillation spectra were analyzed, obtained at distances L of 1000 and 2000 meters. 
The quantity Vw the component of the mean wind velocity perpendicular to the ray, was cal- 
culated by using synchronous meteorological measurements. The measurements at each distance 


were divided into 34 groups depending on the size of vy? namely 
l<v, <2 m/sec, 2< v, <3 m/sec, and 3< v,< 4 m/sec. 


Average spectral densities W(f) of the fluctuations were obtained for each group (the aver- 
aging was carried out in logarithmic units). Then the "normalized" spectral densities 
w(f) / f W(f)df were calculated. Fig. 29 gives the quantities U(f) = fw(f) / f w(f)df 
corresponding to the different wind velocities vi? which are the averages for the given 
group of measurements; the abcissas are measured in logarithmic units. 

It is clear from the figure that when the mean wind velocity is increased, the curves 
of U(f) are shifted in the high-frequency direction. We can find the frequencies tn corre- 
sponding to the maximum of the curve U(f); tn is defined as one half the sum of the frequency 
values for which U(f) = S[U(2)] nex’ Table 4 gives the values of the mean wind velocity vn 


for groups of the quantities fn and fv AL / v,° 


TABLE 4 


L = 1000 m L = 2000 m 


Vy m/sec™* eervevecece 1.46 2.18 346 1.61 2-59 3ed1 


ae) CPB coccccccecee | 20 25.6 45.7 18.1 25.6 39.8 


£ [M/V, ceeeteeeees 0.31 | 0.26 | 0.30 | 0.35 | 0.31 | 0.36 
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(b) 
Fig. 29 Empirical frequency spectrum of fluctuations of light intensity 
for different wind velocities (a, L = 2000 m; b, L = 1000 m). 
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The quantity ta VAL / Vn is approximately constant, with mean value equal to 0.22. 


Thus, the frequencies f are connected with v_ and \/AL by the relation 
m n 
say 
f = 0.32 ——, (12.7) 


We note that a calculation based on the hypothesis of "frozen-in" turbulence, leads to the 
relation q. 0.55 Vn / Jrg, which differs from (12.7) by a numerical coefficient. However, 
the theoretical relation between the spatial correlation distance R, [B 6B) = 0} and fv 


which has the form 
Vn 
R = O44 ft. 9 (12.8) 
m 


is met satisfactorily, since according to the experimental data, R, = 1.5 VAL, which 


together with (12.7) leads to the forma 
R = 0.48 $ e (12.9) 
m 


Fig. 430 gives a more detailed verification of the similarity hypothesis expressed by 
aq. (12.5). In Fig. 30 all the frequency spectra represented in Fig. 29 are reduced to the 
‘values v= 1 m/sec and L = 1000 m As is clear from the figure, the spectra which are 


_ransformed in this way differ very little from one another. This confirms the fact that 


the function U(f) depends only on the argument f V/AL / Vw i.e. 


oo 


| W(f)af 


oO 


fw(f) f SAL 
= F ‘). (12.10) 


A theoretical calculation of the function appearing in the right hand side of (12.10) 
was made above, by using the hypothesis of "frozen-in" turbulence. Fig. 31 gives a com- 
parison of the theoretical curve and the experimental data obtained by averaging the graphs 


in Fig. 30 [j]. It is clear from the figure that the theoretical curve is "narrower" than 
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Fig. 30 Reduction of the frequency spectra 
tov, =1 m/sec and L = 1000 m 
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Fig. 31 Comparison of the empirical spectrum of fluctuations of 
intensity with the theoretical spectrum (1, theoretical 


2, experimental curve). 
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the experimental curve; this is evidently related to the fact that it is assumed in the 
theory that the wind velocity is constant along the entire propagation path. 

In conclusion, we state the basic results of the experiment: 

1. The fluctuations of light intensity caused by atmospheric turbulence have a log 


normal distribution. 


2. The dependence of o@ = [tog(x/z,)]° on L is found to be in satisfactory agreement 
with the theory of the phenomenon, which leads to the formla 9? we y21/ 6. 

54. Direct measurements confirm the theoretical conclusion that the correlation func- 
tion of the fluctuations of light intensity depends on o/ /AL and that the correlation 
distance is of order JAL. 

4. It is confirmed that the frequency spectrum of the fluctuations of light intensity 
depends on f VAL / v» and good agreement is observed between the intervals of time corre- 


lation and space correlation. 
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Chapter 13 


TWINKLING AND QUIVERING OF STELLAR IMAGES IN TELESCOPES 


The first experiments concerned with the study of fluctuations of intensity and angle of 
arrival of light waves were carried out while investigating the twinkling and quivering 
of stellar images in telescopes. Recently, interest in this problem has increased; this 
is explained both by the requirements of observational astronomy and by the close rela- 
tion which exists between these phenomena and certain features of radio propagation in the 
troposphere. Here we shall not give a detailed exposition of all the known facts, nor 
Shall we present the numerous theories which describe the phenomena of twinkling and 
quivering of stellar images in telescopes; we confine ourselves merely to a short account 
of the basic facts and their interpretation. 

When we make an observation in a telescope, we see the diffraction image of a star in 
the form of a luminous core and a series of concentric rings. However, it is hardly the 
case that such an image is seen all the time. Usually the stellar image does not remain 
fixed in the field of vision, but rather experiences irregular displacements in all pos- 
sible directions, which are called "quivering". At the same time, some of the diffraction 
rings are missing or are smeared out. Under especially unfavorable observational condi- 
tions, we see a “dancing” irregular "patch", which in no way recalls the diffraction image 
of the star. Simultaneously, one also observes "twinkling" of the star, i.e. irregular 
changes in its brightness. The astronomical "seeing" (1.e. diffraction image) and the 
quivering of the image are intimately related (since both of these effects are produced by 
phase fluctuations of the wave). When the “seeing” is bad, one usually observes consider- 
able "quivering" of the images. 

A large number of experimental papers are devoted to the study of the phenomenon of 
quivering of images, a review of which is contained in the papers of Kolchinski [80,81]. 
This author arrives at the basic conclusion that the mean square fluctuation of the angle 


of arrival of the light from the star is directly proportional to the secant of the zenith 


pe 


distance 9 of the star, i.e. 
2 
( Aa)” = A” sec 6. (13.1) 


The quantity Ais a few tenths of an angular second in order of magnitude, and depends on 
the meteorological conditions. Fig. 32 gives the results of observations of the quivering 
of stars, performed at the Central Astronomical Observatory of the Academy of Sciences of 
the USSR at Goloseyev [81]. The rms values of the fluctuations of the propagation direc- 
tion of the wave is plotted along the vertical axis, while sec 9 is plotted along the hori- 


zontal axis. 
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Fig. 32 Dependence of the amount of quivering of 


stellar images on the zenith distance. 


225 


The points in Fig. 32 have a large scatter, caused by the fact that the graph comprises 
results of observations made under different meteorological conditions. In order to show 
the dependence of the quantity (A a) * on sec 6, we must average the quantities (A ao) * which 
belong to neighboring values of sec 9. One also obtains a similar result by constructing the 


regression line, whose equation has the form (with a logarithmic scale): 
>. ve 
log (Aa) = log ac + 2p log sec @. (13.2) 


The quantities ae and p, found by the method of least squares, turn out to be equal to 
A= 0.35" and p= 0.47. This value of p is in good agreement with Eq. (13.1). 

The theoretical law (13.1) was first established by Krasilnikov [82]. Suppose that 
two interferometer slits are located at the points A and B at a distance b from each other. 
If the surface of the wave front is parallel to AB, then the phases of the oscillations at 
A and B are identical. Rotating the wave front by the angle Aa << 1 produces a phase dif- 


ference AS between the oscillations at A and B which is equal to AS = kb Aa. It follows 


ne) 
from this that the quantity (Aa) can be expressed in terms of (As)* m= D,(b) by using the 
formula 
——s Dg (b) 
KD 


Ifb > VAL , then D,(b) 1s given by Eq. (8.22), and 
2) - => 
(Aa) = 2.91 bd 1/3 f c“(F)ax, (13.4) 
Oo 


where the integration in (13.4) is carried out along the "ray" directed toward the light 
source. We assume that the quantity oe depends only on the height z above the earth's sur- 


face. Setting x = z sec 6, we obtain from (13.4); 


(Aa)® = 2.91 v1? see 6 f C(2)aze (13.5) 
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In telescopic observations of the quivering of stars, the role of the quantity b is played 
by the diameter D of the telescope. In general, when b is changed to D, the value of the 


numerical coefficient in (13.5) can change a little. However, the character of Eq. (13.5) 


remains the same. It follows from (13.5) that the quantity (Aa)* is proportional to sec 6, 
which agrees with (13.1). The size of (Aa)® decreases slowly as the diameter D of the tele- 
scope is increased. 

It is interesting to note that o“(z) usually takes its largest values in the lower 
layers of the atmosphere, which lie near the earth's surface. Therefore, the largest con- 


tribution to the integral 


oO 


f Co(z)az 


e) 


is made by the lower layers of the atmosphere, which also play the basic role in the pheno- 
mena of astronomical "seeing" and quivering of stellar images. 

As remarked in [82], the quantity Aa has a Gaussian distribution. This conclusion is 
in good agreement with the fact mentioned in Chapter 12 to the effect that the quantity 
log (A/A,) has a Gaussian distribution, since, as follows from general considerations, 
log (A/A.) and Sy (the fluctuations of logarithmic amplitude and phase of the wave) must 
obey the same distribution law. 

We now turn to the problem of the twinkling of stars (fluctuations of the light inten- 
sity). In practice, extensive measurements of fluctuations of light intensity are made mich 
more easily than measurements of the "quivering" of stellar images, so that there exist a 
large number of experimental papers on this problem (83-86.78]. By placing a photoelectric 
device in the focal plane of the telescope, the light flux can be transformed into an elec- 
trical voltage, which is extremely suitable for statistical analysis [84,86,75|. As a 
result of numerous observations, it has been established that the size of the fluctuations 
of the light flux passing through the diaphragm of the telescope, depends significantly on 
the dimensions of the diaphragm, the zenith distance of the light source and its angular 
dimensions, and the meteorological conditions. The dimensions of the diaphragm of the tele- 
scope have a very great influence both on the size of the fluctuations (see Fig. 33) and 


on the way they depend on the zenith distance. 


eel 


0 2 4 6 8 10 12 d, inches 


Fig. 33 Empirical dependence of the amount 
of twinkling on the diameter of the telescope: 
diaphragm (1, winter; 2, summer) [2,84]. 


Figs. 34 and 45 show how two samples of the quantity o, = (P . p)* / Pp (where P is the 
light flux through the telescope objective), obtained for different values of the diameter 
of the telescope diaphragm, depend on sec @. The slope of the curves log o> = f(log sec @) 
for small values of 9, as well as the behavior of the curve log Op = f(log sec @) for large 
values of 9, depends strongly on the diameter of the diaphragm. Therefore, before proceed- 
ing to a further study of the experimental data and their interpretation, we investigate the 


theoretical role of the dimensions of the telescope diaphragm. 


log Op 


0 0.2 0.4 0.6 0.8 log sec @ 0 0.2 0.4. 0.6 log sec @ 
Fig. 34 Dependence of the amount of twink- Fig. 25 Dependence of the amount of twink~- 
ling on the zenith distance when ling on the zenith distance when 
the telescope diaphragm has a dia- the telescope diaphragm has a dia- 
meter of three inches. meter of 12.5 inches. 
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A photocell placed in the focal plane of the telescope responds to the entire light 


flux P through the telescope diaphragm. If I(y,z) is the intensity of the light wave on 


the surface of the objective (the energy flow density), then 


P = fT} I(y,z)dydz, (13.6) 
a 


where £ is the surface of the objective. The quantity I has a log normal probability dis- 
tribution law (see Chapter 12). if / Ss VAL » toe, if the diameter of the objective is 
less than the correlation distance of the fluctuations of the light intensity, and conse- 
quently if changes in the light flux through different parts of the objective take place 
simultaneously, then the quantity P also has a log normal distribution law. But if 5 >> AL, 
l.e., if a large number of uncorrelated inhomogeneities of the light field can be found 


within the limits of the objective, then by the central limit theorem, the quantity P 


has a normal distribution law. However, the telescopes used in practice usually have 
dimensions such that no more than 2 to 4 wncorrelated field inhomogeneities fit inside of 
5; for example, for D = 40 cm and \V/AL = 10 em (see below), = = 4, In this case the 
distribution law of P is still very close to the log normal law. The experimental data 
of Butler [87], obtained with a fifteen inch telescope, confirm this conclusion. Thus, 
vith a sufficiently high degree of accuracy, we can assume that P, just like I, has a 

Log normal distribution. We now find the parameters of this distribution. 


The quantity I can be represented in the form 
A 
Tel, emp A |*%o exp[2X(y,z)], (13.7) 


O 


shere Xly,z) = log Ay, 2) 1s the logarithmic amplitude of the Ught wave, distributed 
fo) 
according to the normal law. ‘Thus we have 


PI, [/ eX(¥ 2) avan, (13.8) 
x 
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2 
To determine the important quantity (oe P) » where log Py = log P, it is sufficient 
O 


to consider the first and second moments M, and M,, of the quantity P. M is defined by 


the equality 


1 


M. =Pe= I, fy eo(ys2) dydz. (13.9) 
zs 


Ox ox@ ve a \* 
But e =e » where X = foe #) » which is valid for any normally distributed quan- 
O 


tity X%. Thus we have 


o 
=_ ex 
Mp =P=Ire". (13.10) 
We now calculate M,: 
x TAMA) 
M, =P = 1° rahi eV rZ)FEM YZ") avavaytazt. (13.11) 
Qs »» 


If we assume that the two-dimensional distribution of the quantity X is also normal, then 


it is easy to show that 


i”) > >, 
aeX(y,Z)tex(y yz) ah +B, (ror ] (13.12) 
or 
+ > CoM 7." (r-r') | 
Bp(r - r') = (1, - 1,)(1, - Ty) = (1)" le - lj, (13.13) 


which is equivalent to (13.12); here BA(r - x') is the correlation function of the fluctua- 
tions of logarithmic amplitude, considered above. To derive (13.12), it is sufficient to 
consider the characteristic function of the two-dimensional normal distribution. Thus we 


have 
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LB (yr 3 
12 Axe As*1°*2 
M, = To e rani e dy, dz, dy,d2, « (13.14) 
mo 2 


If P has a log normal distribution, then the quantity (1 Z) can be expressed in terms 
O 


of M, and M,, by using the formula 


1 
2 M 
P 2 
log 2) 
( Po Me 


Il 

4 
Oo 
0) 
| 


and thus 


D 4B (r.-r_) 
(oe =) log € LILI e Avilve do, do,, ° (13.15) 
° Hs os 


To evaluate this expression, we introduce the spectral expansion of the correlation 


function of the intensity fluctuations of the wave: 


Bye - Fp) - [ep - af) - 7] - 


oo 1 [ko(yy-¥p)+Ks( 2-2.) | . 
fT] FL (kak z)e dK ,dK z- (13.16) 
_ ex(r, ) KB AlF °F, 3 
sLnce I(r,) = Ie , the quantity e can be expressed in terms of BL (59 Ks) by 
| 
ising the formula 
> => 
4B (r\-¥5 tlk o(¥4-Yp)+K 3(2y- 2») 
e =1l+ F z'KarKs)@ AK nk (13.17) 


a 
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Then we have 


2 
Qe £) = log l1+—— [J F qt Koeks )dk dk. x 
O 


> 2(7)* 
ilk (y.-y,,)+K,(2_-z )] 
th . (13.18) 
mS 
We introduce the function 
i(K .y+K 52) 
Vy(KosKz) = = / e a" dydz, (13.19) 


ys 


a 


which describes the Fraunhofer diffraction of the diaphragm £ [b]. Then (13.18) takes the 


form 


2 
(cc F) = log +o [P eyo Wolk, rk) |?ax, aK . 
fe) 


(13.20) 


> 
fork < *, Where D is the dimension of the diaphragm x. Thus, the small-scale components of 


As follows from Eq. (13.19), the function V (KosKz) is appreciably different from zero only 


the field (with dimensions less than D) do not contribute to the fluctuations of P. 
We consider the case where the telescope diaphragm is a circle of radius R. Then, as 


is easily seen 


R On 
27, (KR) 
1 1K reys} L 
= 2 [a o f e KP ¢ ¥ ap = —— , (13.21) 
Oo 


.) 
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{2 2 
where K = Ko + Kz - Substituting this expression in Eq. (13.20), introducing the coor- 


dinates Ko = K cos QD, Ks = K sing and integrating with respect to 9, we obtain the formula 


- 2 
2 23. (KR) 
(oe = = log 1+ PL(k) eee KaK ) , (13.22) 


[re is assumed that P(K 5) Ks) = PS (v KS + 5) 7 In Eq. (13.22) we can go over from the 


spectral density Fk) of the fluctuations to the correlation function B,(¢) of the fluc- 
tuations. Inverting Eq. (13.16) and taking into account the isotropy of the fluctuations 


in the plane x = const, we obtain 


P(x) = de | B,(e)d,(Ke) ede. (13.25) 


We substitute this expression in (13.22) and change the order of integration: 


ao 


Te 00 2 

2 . J (Kp)I-(KR) 

(oe 2) = log Jl+ tt 5 [2 (e)ae [ = ak . (13.24) 
O R (I) ; . 


The inner integral can be calculated [c] and turns out to be equal to 


for © < eR, 


Rho 


i arc COB 
vg 


0 for 9 > eR. 
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Consequently, we have 


v 2 
P 4 
log 2) = log 1+ [ B (p) arc cos 
C Po aR°(T)* L aR 


O 


0 
- OR 1 - px 
1 
= log 1+ 16 5 f B,.(Dx) arc cos x - xV/1 - x” ) xax ; (15.25) 
t(T) 
.@) 


where D= Rj Noting that 


1 
ef (ere cos Xx - x Vi = x?) xax = 
O 


we rewrite this formula in the form 


——, ‘ 


——_—___—_—_—~ 1 
rp \2 16 B me 5 
log 5- = log 2 1 + arc cos x - x V1 - x |xdx ° 
O 
O 


(13.26) 
But it follows from (13.13) that 


B, (Dx) 1B, (Dx) 


+a : 
(T) 


Thus we have [a] 


1 


P\ 2 lb 4B (Dx) ho 
(208 =) = log a fe (are cos Xx - x 1-x )xtx } (13.27) 
fo) 


e) 


— 2 
Setting D = O here and recalling that 4B, (0) = 4X? K 0”, we obtain (208 >) = oe For 


2 2 
P 2 
D>O, (20¢ 2) <o . We introduce the quantity G = +; (oe BE) » which characterizes 
0 o fe) 


the decrease in twinkling due to the averaging action of the objective. Furthermore, settin; 


bB,(0) = 4 n4(o) = 0 b,(6), 


we obtain 


x 
o b,(Dx) 
G= a5 log 16 f e A arc cos xX = x V1 - ? ) aa . (13.28) 
O 


For bf p) we take the function represented in Fig. 13, which is applicable in the case 
where AL >> L and cf = const. Numerical integration of the expression (13.28) for of = 


and a” O leads to the results shown in Fig. 36. As was to be expected, the function G 


depends on the argument D / VAL , i.e. 


¢=acg/2,, « 


VANE 


We remark that 


or D>> VAL ando~ oO. As can be seen from the figure, G is small compared to unity when 

) >> VAL . Thus, in the case where the diameter of the telescope diaphragm exceeds the 
‘orrelation distance VAL of the fluctuations, the fluctuations of the total light flux through 
ihe telescope diaphragm are weakened considerably. This is explained by the fact that for 

> VAL, several field "inhomogeneities" with different signs can be found within the limits 


£ the telescope diaphragm, and therefore they partially compensate one another. 
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Fig. 36 The theoretical dependence of the relative decrease 
in the size of the total light flux through an objective on the 
diameter of the objective, under the condition Lo < YAaL< Lo 


We now compare this dependence with the data observed by the Perkins Observatory [84]. 


Semi-annual averages of the frequency spectra of the fluctuations of the total light flux 


through the telescope diaphragm are given below (page 247), for different sizes of the 


diaphragm. Integrating these spectra, we can find the quantity of = (P - p)* / pe as a 


a 


function of the diameter of the diapragm [a]. The values of o., obtained in this way are 


P 


given in Table 5. 


TABLE 5 


1 0.476 0.373 
5) 0.250 
6 0.160 
12.5 0.080 
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2 
As shown above, the quantity [log(P/P) is connected with o¢ by the relation 


P 
2 
P 
(oe 2) = log(1 + 5) 
oO 


which is valid in the case where the quantity log(P/P.) has a normal distribution law. We 
can use this formula to go over from the values of o5 just obtained to values of [Log(P/P,)]*. 


As a result of these calculations, we obtain the following values (Table 6). 


TABLE 6 


—— 


[log (p/P )]* 


Diameter 
of the 
Diaphragm, 
inches 


Summer 


1 0.205 0.130 

3 0.110 0.061 

6 0.035 0.026 
12.5 0.0096 0.0064 


Choosing an appropriate value of the parameter J&L, we can achieve very good agreement 
between the values of [Lor( P/P.)]* = f(D) just obtained and the theoretical dependence. The 
data of Table 6 agree best with the curve in Fig. 36 (for a” +0) when AL = 3.6 inches 
(winter measurements) and VAL = 3.2 inches (summer measurements). In Fig. 37 we compare 
the quantities [iog(P/P,)]* (see Table 6) with the values of G(D /VAL) calculated for 
these values of VAL and og Even small changes of the parameter VAN destroy the linear 
relation between [iog(P/P,)]* and G(D //AL). ‘Thus, a comparison of the measured values 
of [iog(P/P,)]* and G(D /\/AL) allows us to determine the important parameter \/AL . 

Direct measurements of the correlation distance of the fluctuations of light intensity 
made by Keller [98] by using two telescopes which could be moved apart, gave a value of 


VAL of the order of 3.5 inches. 
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Fig. 37 Comparison of the data of Figs. 4% and 36 (1, winter; 2, summer). 
(To the left and right of the points joined by the straight line 
are points corresponding to the values of rat changed by 1 cm. 
These points no longer lie on straight lines.) 


We now turn to the dependence of the amount of twinkling on the star's zenith angle @. 


It follows from Eq. (8.17) that 
of =z hX = 2.24 yr /6 [ c“(2) 0/6 dx, (13.29) 
O 


wher2 the integration in (13.29) is carried out along the ray directed toward the light 
source. Assuming that on depends only on the height z above the earth's surface, we carry 


out the change of variables x = z sec 9 in (14.29), where @ is the star's zenith angle. 
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Then we obtain 


D oO 
yas 
o = (toe 2) = 2,24 «7/6 (sec 91/6 f o°(z)2°/®an. (13.30) 
O 
O 


Eq. (13.30) gives the mean Square fluctuation of the light intensity. In order to obtain 
the mean square fluctuation of the light flux P through a telescope diaphragm of diameter 
D, we must multiply the right hand side of (13.20) by the function G(D / /AL ) which depends 
on the ratio D / xu . Since L = E, sec @, where E, is the order of magnitude of the thick- 
ness of the atmospheric layer in which appreciable refractive index fluctuations occur, the 


function G (D/ VAL) also depends on @. Thus the formula 


eee 


a [oe] 
(20s 2) = oG (| = 2.24 x’/©( sec 9 )1/6g a / o%(2)2°/Paz 
0 JL /AL O 


(13.31) 


can lead to different types of dependence on sec @ for different relations between D and 


VA: For example, in the case D >> VAHL 


g{—PE\ ~2.) ue = po /3(yH \7/6 ( sec 91/6, 
a) ~ Ge ’ 


Substituting this expression in (13.31), we obtain 


ie) 


2 
(ce -) oc p-7/3 al /6 secé [ oP(2)27/°az. (13.32) 
° O 


Thus, if we observe the dependence of the amount of twinkling on the zenith angle using a 


2 y) 
large diameter telescope (D > VAH ), we should obtain the dependence [log(P/P.)] o> sec. 
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As shown above, the quantity VE, ts of the order of 3 to 4 inches, i.e. 8 to 10 em. There- 
fore, when the diameter of the telescope diaphragm is of the order of 40 em (15 inches), one 
can already expect the dependence a oc sec 6 (for values of 9 which are not very large, the 
relation Vd, sec @ << D is still valid). 

In Fig. 38 we show (in logarithmic units) the function on = f(sec @) obtained by 
Butler [89] . For @ < 60°, the experimental data are well approximated by the formula 
ofan sec? @. The Perkins Observatory [84 | obtained the same kind of dependence, using a 


12.5 inch diameter telescope (see Fig. 35). 
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Fig. 38 Dependence of the amount of twinkling on 
the zenith distance, obtained by using a 
15 inch diameter telescope. 


For small values of D< VAH, the function G(D/ VAL ) changes inapprecitably when 


sec 9 is changed. In this case, the dependence of frog(P/P.)]* on sec 6 is determined by 


the factor (sec 9) 11/6, For intermediate values of the ratio D/ VAH, » the function 


[log(P/P.)] “= f(sec 6) can be approximated for small 6 by the formla [Log(P/P,)] = A(see 9)”, 


where 11/6 <a< 3%. Fig. 34 shows the function 5 = f(sec @) obtained by the Perkins Obser- 


vatory using a 3 inch diameter telescope; for small @, 0 is satisfactorily approximated by 


the forma o© (sec g)i8 


P - This dependence is in good agreement with the value a= 11/6. 


which ought to be expected for D< VAH + According to the data of [84], a = 1.8 for 
D = 1 inch, ao = 2 for D = 4 inches, a = 2.4 for D = 6 inches and q = 3 for D = 12 inches. 


LO 


Fig. 39 shows in logarithmic units the function [1og(P/P,)]* = f(sec 6), obtained by 
Zhukova [88] using a 250 mm diameter telescope. The solid line indicates the theoretical 


curve calculated from Eq. (13.31) for JAH. = 9 cm. 
fe) 
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Fig. 39 The dependence of the quantity log V/ [icg(P/P_)]* 


on the zenith distance, obtained by using a 250 mm 


diameter telescope. 


Thus, for zenith angles which are not very large, the dependence of the amount of twink- 
ling on the zenith distance, obtained as a result of observations, is well explained by Eq. 
(13.31). It should be noted that for large zenith angles, the quantity on depends strongly 
on azimuth, which greatly increases the scatter of the points in graphs of the type of Fig. 
39 [e]. The agreement which we obtain between Eq. (13.31) and the function on = f(sec 9) 
found as a result of observations with various values of D, assuming that the quantity 
VE, ~ 8 to 10 cm, once again confirms this estimate for ViE Below, we shall obtain a 
few other estimates which also agree with the first estimate. 

As follows from Eq. (13.31), the lower layers of the atmosphere, where the quantity cf 


is largest, do not have an important effect on the amount of twinkling, since the product 


2/6 o°(2) is small for small z. Therefore, higher layers of the atmosphere, where the func- 


ek 


tion 2/622) takes larger values, play the chief role in the phenomenon of twinkling. 
Moreover, the height at which this function achieves its maximum can serve as a more pre- 
cise definition of the quantity Ho? 

We now consider the problem of the frequency spectrum of the fluctuations. Just as 
in the calculation of the size of the fluctuations, here we must also take into account the 
averaging action of the telescope objective. As we have already shown above, the small- 
scale components of the fluctuation field, with dimensions no greater than R (the radius of 
the telescope diaphragm) do not contribute appreciably to the quantity [Log(P/P,)]*. There- 
fore, it can be stated that the high frequency components of the fluctuations of the light 
flux will also be considerably weakened. To calculate the frequency spectrum of the fluc- 
tuations of the total light flux through the telescope diaphragm, we must calculate the time 
autocorrelation function of the fluctuations of this quantity. As was already shown in 
Chapter 12, in considering the time behavior of the fluctuations, one may take into account 
only the motion of the refractive index inhomogeneities in the direction perpendicular to 
the ray (if the angle a between the direction of the ray and the wind velocity is not too 
small). As proved in deriving Eq. (12.2), the field at the point (L,y,z) at the time t +1 
can be regarded as being the same as the field at the point (L,y-vt,2-v, 7) at the time t. 


Using this argument, we can write a generalization of Eq. (13.6) 


P(t) = II I(y',z' )dy'az? 
x 


in the form 


P(t +t) = II I(y - V 09% vt )dydz. (13.33) 
aj 


Averaging these equations, subtracting them from the unaveraged equations and dividing by 


P=tTI x=, we obtain 


Oho 


P(t) - P 1 I(y',z') - TI 
ROOF 2 pp OYE ae 


P(t +t) -P 1 I(y -vit,z-vit) +I 
eee * {| wey var. 
> T 


Multiplying these expressions together and averaging, we obtain the ratio of the time auto- 
correlation function of the fluctuations of the total light flux through the diaphragm of 


the objective to its mean value, i.e. 


Rel) = J] [fet + V_,1) do, 405. (13.34) 


We use the spectral expansion (13.16) and change the order of integration in the expression 


so obtained: 


[ff Sk olVy-Varvy t)+K 3( 24725 v1 2 sendy 


Using the definition (13.19) of the function Vo» we obtain 


1 [K avytksv,] t 


R,(t) = ae ff Fy(K5 Kz) LV,.(K KprKs [Fe dk dK; (13.35) 


Us 


We now find the time spectral density of the fluctuations, i.e. 


w,(f) = 4 f cos(@nft) R(t )at = 2 f eT STR (tr) ate 


Substituting the expression (13.35) into the right hand side of this formula and bearing in 


mind that 
f eta, K exd(a), 
we obtain 
W.(f) = tn fy F_(K,,K,) |V_(Ky)K )\* x 
P  psye TY 273% ly 2? 3 
(I) Ys 
xX 8(2nf - Kev KV, )dK dK 5 (13.36) 


We now consider the case where the diaphragm has the form of a circle of radius R = D/2. 


yar Vide e » we 


Using the expression (13.21) for V and bearing in mind that FL(KoKz 


introduce new variables K, = K cOS 9, K 


D 3 = K Sin gm. Moreover, writing Vy = Vy cos Po? 
Vv. =v_ sin @,, we obtain 
Z n fe) 
r 2J_(KR)72 en 
wWi(f) = az F_ kK) — KaK 8 [Ont - Kv_cos(@ - @ ) ] a 
P (F)* I KR n O e 
O fe) 
Bearing in mind that 
2 
Ort for bn@e* < Kye ; 
n 
Vee 2 _h 2° 
f S[Onf - Kv ,cos(@ - 9,)]d@ = n ™ 
° O for be -£° > Kv ) 


ky 


we obtain the formula 


3 A 23_,(KR) 72 
Wpl2) = J #0, S— |S. (13.37) 
ent Vcove ~ hg £* 


/ 22 
By the change of variables K v7 bee" = Kivi this formula finally reduces to the 


form 


° / aD 
8x Og F 
Holt) = fall: ; ) " 
Oo Vn 


v,(I) 


2 
23, R J Ko + bn £° ve 
n 


Xx | | Cu. (13.38) 


R J K~ + bx £°/ve 


We consider the case where F(x) is given by Eq. (7.87), corresponding to the "two- 


thirds law" for the refractive index fluctuations [fF]: 


FL («) ~ (I), (x) = hae (0.033)(I)* Caras x 


x {1 - — sin 2) ott/3, (13.39) 
KL 
Then we have 
10.4"-nce 8 L(K* + bse £°/v°) 
Wp(2) =———*f | a - —g— Egg stn —— | « 
Yn 5 Lik” + anf /v.,) 


Oks 


(13.40) 


Gs ep) NT 8 ay e+e) ] 
J « + he 2? /ve 


Instead of the function Ww, f), it is more convenient to consider the function normalized 
with respect to o”, which characterizes the change in the frequency spectrum as a result 
of the averaging action of the objective. Dividing (13.40) by of = 1.250% 7/6,11/6 and 


introducing the quantities 


we obtein 


rol 


= 
tJ 
a 
WN 
UI 
M|h 
.@) 
— 3 
] 
th 
nan 
is} 
ct 
NM 
+ 
-.) 
Mw 
o~ 
ct 
ne) 
+ 
~~ 
hd 
FE 
™ 
ON 
x 


dt . (13.41) 


It follows from this expression that the dimensionless quantity 


fw_(f) o 2 92 
ee = 1.352 f 1- aan ae (+7 + 9211/6 x 
Oo 5 tC +t Q 


dt (13.42) 
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depends only on two dimensionless parameters: the parameter 2 = V2nAL t/v, considered in 
Chapter 12 andp = \/2n/AL R, the ratio of the radius of the diaphragm of the telescope to 


the correlation distance \/AL of the intensity fluctuations, i.e. 


2 oO 
ox, (6 t +) 


the function F(2,0) coincides with the fumction (12.5) considered in Chapter 12. 

In Fig. 40 we show, for various values of p, the function f.W_(£)/o“ obtained by numeri- 
cal integration of Eq. (14.42). It is clear from the figure that when p is increased, the 
high frequency components drop out of the function Wp(f)3 these components are related to 


the small scale components of the fluctuations of I, whose dimensions are less than R. 
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Fig. 40 Theoretical form of the frequency spectra of fluctuations of the loga- 
rithm of the total light flux through a telescope, as a function of 
the diameter of the telescope. 


OUT 


To compare the theoretical function w,(f) with experimental data, we have chosen the 
frequency spectra, obtained at the Perkins Observatory, of the intensity fluctuations of 
the light flux through a telescope with different diaphragm sizes (Figs. 41 to 44). As is 
clear from the figures, the experimental data agrees qualitatively with the functions 


W,(f) calculated above. 
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Fig. 41 Frequency spectrum of the fluctuations of 
total light flux through a telescope with 
a diaphragm of diameter 1 inch (1, winter; 


2, summer). 
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Fig. 42 Frequency spectrum of the fluctuations of 
total light flux through a telescope with 
a diaphragm of diameter 4 inches (1, winter; 


2, summer). 
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Fig. 43 Frequency spectrum of the fluctuations of 
total Ught flux through a telescope with 
a diaphragm of diameter 6 inches (1, winter} 
2, summer). 
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Fig. 44 Frequency spectrum of the fluctuations of 
total light flux through a telescope with 
a diaphragm of diameter 12.5 inches 


(1, winter; 2, summer). 
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Fig. 45 Dependence of the quasifrequency of 
twinkling on the zenith distance. 
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It should be noted that the experimental data presented in Figs. 41 to 44 represent 
values of W,(f) which are averaged over a whole season and which pertain to different values 
of v,, i.e. to different f,. It is easy to see that when the functions wp () pertaining to 
different values of fy are averaged, we obtain a spectrum which is wider in comparison to 
Wp(f)- Therefore, we ought not to expect quantitative agreement between the theoretical 
curve and average frequency spectra (of the type in Figs. 41 to 44). At the same time, the 
difference in wind speed is not reflected in the size of on 


P 


In some papers, instead of detailed measurements of the frequency spectrum of fluctua- 


» which is the integral of Wp(f) 


tions of light intensity, cruder estimates are made of the characteristic frequencies of 

twinkling. (For example, the average number of intersections of the function P(t) with its 
mean value or the average number of maxima of P(t) is determined.) Fig 45 shows the depen- 
dence obtained by Zhukova [88] for the average number (per second) v of maxima of the func- 


tion P(t) as a function of sec @. ‘The observations were made during the course of one 


night, when the wind velocity was 5 m/sec at the earth's surface and 36 m/sec at a height 
of 11 km. We can see a regular decrease of the quantity v as a sec @ increases. The 
dependence v = f(sec @) shown in Fig. 45, which is well approximated by the curve 

v = const (sec 91/2 (the solid curve), can be simply explained from the point of view of 
the theory developed above. It can be shown (see [90]) that the number of maxima of the 
curve P(t) is determined by the smallest refractive index inhomogeneities. However, when 
the wind speed is appreciable and when the dimensions of these inhomogeneities are small, 
the "wiggles" which they produce in the curve P(t) have a very fine structure and cannot be 
registered by the recording device [ge]. The number of strong maxima of the curve under con- 
sideration, which were actuslly calculated in [88], 1s determined by the dimensions and 
speed of motion of the “running shadows", which have dimensions of the order of VAH sec 6 
(1.e. the dimensions of the correlation distance of the intensity fluctuations). Therefore 


v, the average rate of the maxima, is determined by the relation 


const v 
ins: Sa (13.43) 
VAE sec @ 


where vis the component of the wind velocity normal to the ray. It follows from Eq. (13.43) 
n 


that the quantity v is inversely proportional to \/sec @, which is in good agreement with the 


eoL 


curve of Fig. 45 [h]. ‘Thus, the curve in Fig. 45 is one of the direct corroborations of 
the fact that the quantity JAL is the correlation distance of the fluctuations of light 
intensity. 

Starting from Eq. (13.43), we can once again estimate the quantity JAH. Since the 
constant in (13.43) is of order unity, then taking V,, = 20 m/sec and v = 70 cps, we obtain 
VIE ~ const X 40 cm. This value of VA, agrees in order of magnitude with the estimate 
obtained previously. 

We now briefly discuss the dependence of the amount of twinkling on the angular dimen- 
sions of the wave source. It is well known that the stars twinkle more than the planets. 
This fact can easily be explained with the help of the following simple considerations. 

The various points of the surface of a planet are incoherent sources of light. As 
is well known [52], the intensity of the total field of incoherent sources is equal to the 
sum of the intensities of the separate sources. Denote by i(6,) the density of the light 


flux in the direction (8,9). Then the intensity of the total field is 


I = 1(9, 0)ag, (13.44) 
i 


where the integration extends over the solid angle subtended by the planet's disk. Aver- 


aging (13.44), we obtain 


I= f i(@,0) aa. (13.45) 
Q 


It is natural to assume that i = const within the limits of the solid angle ). Then 
I =i 2, where the angular dimension of the planet is 2. The fluctuations of the quantity 


I are given by the relation 
T-I= f Roo - T Jaa, (13.46) 
Q 
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while the mean square intensity fluctuations are given by 


(I - T)* = [| l2(6,9) - t| [1(0', 0") - TJanaat. (13.47) 
22 


It is convenient to evaluate the size of the fluctuations by using the relative quan- 


tity 
(13.48) 


where i' denotes the quantity i - i. We introduce the correlation coefficient b, Cy) of the 
fluctuations of the flux density i' for two directions (@,,9,) and ( @55®,) which make an 


angle w with each other: 


6) === _» (13.49) 


where cos ¥ = cos 9, cos 6, + sin 6, sin 4, cos(p, - P5)+ Then we have 


a) 2 
(Q-TY  a 2 [I] b, (¥)a0,40,. (13.50) 


It i8 obvious that 


(z= 7)* _ ate 
(I)* (z)* 


for a point source. Therefore, the function 
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1 
K,(9) = 2 If b, (y)do, da, (13.51) 


represents the relative decrease in twinkling of a planet of angular size 9 compared with 

a point source. In order to evaluate the function K, (2), we can use the following argument. 
Suppose that a point source of light is located at the observation point and that there 

is a circular objective with area S = on? at the boundary of the refracting atmosphere (LL is 


the thickness of the refracting atmosphere). Then the dependence of the fluctuations of the 


total light flux through the objective on its dimensions is expressed by the same function 
K, (2). On the other hand, this dependence is expressed by the function G(D /\/AL) cal- 
culated above (see Fig. 36). 

Instead of the solid angle 2, it is convenient to introduce the angle ¥ subtended by 
the planet's diameter. Then the diameter D of the imaginary objective will be equal to YL 


and the function K, (2) = K(X) takes the form 
K(y) = G@ fy ah = a(n} *) , (13.52) 
Jab 


where » is a numerical coefficient of order unity [1 ]- As is well known, decrease in twink- 
ling because of the finiteness of the angular dimensions of the light source is an effect 
which can already be observed for sources with angular dimensions of the order of 

1" = 0.5 X 10°? radians. ‘This means that the argument of the function (13.52) is already 
of order unity for such a value of 7 (see the curve in Pig. 36). Using this, we can make 
still another estimate of the quantity VES . From the relation 0.5 x 10° VE/% ~ 1, 

we obtain VE Am ox 10? - Setting A’ = 0.5 x 107t em, we obtain VAE., ~ 10 cm, which is 
in good agreement with all previous estimates. 

In conclusion, we make a numerical estimate of the parameter c which characterizes 
the atmospheric refractive index fluctuations for visible light. In order to be able to 
estimate on from data on the twinkling and quivering of stellar images in telescopes, it is 
necessary to specify somehow the profile of the quantity c“(2). According to some data on 
measurements of cf in the range of centimeter radio waves, this quantity falls off with 
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-2 
height like z ~. Therefore, we specify the profile of c°(2) in the form 


ce 
2 0 
c(z) = ——-—. (13.53) 
“€ 
O 
Using Eqs. (8.27) and (8.28), we obtain 
2 
(oe E) = 14.6 x!/© (sec 9) 11/6 ¢ (/—2—_— cf gll/6 (13.54) 
fe) AH Sec 0 ° 
Re 2 -1/3 
(Ac) = 4.6 CH bo’. (13.55) 


According to experimental data, [iog(P/P,)]* = 0.205 for D> 0 and @ = O (see Table 6). 


According to Kolchinski's data, at zenith \/ (Aa)* = 0.35" = 1.7 x 107° radians (this figure 
was obtained with a telescope of diameter b = 40 cm). Using the indicated data, and assum~ 
ing moreover that A} = 0.5 microns, we can obtain Co7 Tx 10°7 em 1/3 from Eqs. (13.54) and 
(13.55), regarded as a system of equations in oF and H.. 

It should be noted that the value of C10 which is obtained is practically independent 
of how the profile of c*(z) is specified. For example, specifying c“(2) = an exp(-2z/H,), 
we obtain C07 5-7 X 107? on 1/3, Thus, the indicated estimate of the order of the quantity 
C50 is reliable enough. 

It i8 well known that the air's refractive index fluctuations in the range of visible 


light are mainly due to temperature fluctuations. Co is connected with the characteristic 


C,, of the temperature fluctuations (C,, figures in the "two-thirds law" (T,-T,)°= Cr 22/3 
for the temperature field) by the relation 
g = 2K 10° (13.56) 
nn 2 TY . 


T 


ap) 


where T is expressed in degrees K, C_ in degrees on 2/3 and p in millibars. Using this 


T 


formula, we can estimate the quantity C_. For z= 5 cm, for example, we obtain C_= 8 x 107? 


T T 
degrees om! 3 [3]. The estimates of of which we obtain agree in order of magnitude with 

data based on measurements of the intensity of scattering of UHF waves, propagating beyond 
the horizon (see Chapter 4), where for heights of a few kilometers, one obtains a value of 


y) 


Ci ~ 45 to10 x10 degrees om 1/3. Of course, it should be noted that the estimates given 


T 
are in the nature of a rough guide, which enables us to determine only orders of magnitude. 
Much better results could be achieved by analyzing measurements of the twinkling and quiver- 
ing of stars together with simultaneous aerological measurements, like those which were 
made in the layer of the atmosphere near the earth. Such measurements would also enable us 
to evaluate more reliably the roles played by different layers of the atmosphere in the 
phenomena of twinkling and quivering of stars and other distant sources of radiation, and 
would enable us to solve a series of problems connected with long distance propagation of 
UHF radio waves in the troposphere. 

By comparing the curves in Figs. 34, 35, 38 and 49 with each other, we can observe 
still another characteristic feature of the dependence [log(P/P. J] = f(sec @). Beginning 
with values of 6 ~ 60°, the power law growth of these functions slows down. In doing so, 
the curves [Log(P/P,)]°= f(sec @) "saturate" for values of the diameter D of the telescope 
diaphragm which are large compared to ViE,» while for small D there even occurs a decrease 
in the twinkling of light as the zenith distance increases (Mg. 34). This circumstance, 
which is at first glance extraordinarily strange, was recently explained in the paper [99]. 
The issue involved here is that’ all the data given in Figs. 34, 35, 38 and 439 pertain to 
twinkling not of monochromatic but of polychromatic light. However, in point of fact, 
because of different atmospheric refraction for rays of different wavelengths, the rays of 
different colors arriving at the same observation point traverse different paths in the 
atmosphere. The distance between rays of different wavelengths increases as the zenith dis- 
tance of the light source increases, and for @ ~ 60° is of the order of 10 cm at the bound- 
ary of the refracting atmosphere. The fluctuations of light intensity are mainly produced 
by*the atmospheric inhomogeneities with sizes of order Vi located within the paraboloid 

2 


ep” “= X\4z sec 6 surrounding the ray, which has a diameter of the order VAH. ~10 cm. Conse- 


quantly, if the distance between the rays exceeds V AH, as a result of refractive differ- 
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ences, then the twinkling in different parts of the spectrum is uncorrelated. Therefore, 
for large @, the total intensity of polychromatic light experiences smaller relative fluc- 
tuations than the intensity of monochromatic light. Moreover, if due to this "chromatic" 
effect, the twinkling of the polychromatic light decreases more rapidly than it increases 
due to growth of L = H, sec @ (as is the case for small D, where, as @ increases, 
[Log(P/P.)1* grows comparatively slowly), then the total effect of the twinkling decreases 
as @ grows. 

Detailed calculations given in [99] enable one to completely explain the character of 


the experimental curves in Figs. 34, 35, 38 and 49, both for large and for small values of 6. 


ent 


APPENDIX” 


Addendum to Chapter 5 


Eqs. (5.1) and (5.3) of the text follow from more exact relations if one neglects 
terms involving the spatial derivatives of u' and T'. Treatments retaining such terms have 
been given by Lighthill [2] and Kraichnan [ai], for the case T' = 0, and by Batchelor [iit], 


for the general case. For T' = 0, these authors find 


2 
2 ou! ow Ow 
1 rebi _. j 
Apt = 35 =~ Ol Seo oe, + =| , 4) 


where p! and w are the density variation and particle velocity associated with a weak 
sound wave propagating in a medium of mean density Po and turbulent velocity u'. In con- 


trast, one obtains from Eq. (5.3) 


1 d“p! 
Opt - 5 85 = = 20.0 See (B) 


The part of the right side of Eq. (A) which is retained in Eq. (B) and the part which 
is neglected give contributions to the scattering in the first Born approximation which, 
in general, are of the same order of magnitude. This is because the scattering arises prin- 
cipally from interaction with eddy-structures of size comparable to the acoustic wave length. 
In particular, the angular dependence of the scattering is strongly affected. Eq. (A) 
implies a zero in scattered intensity at 90° which is lost in Eq. (B). 

When the time dependence of ut is neglected, and when the turbulence is isotropic, one 


finds from Eq. (A) the differential cross-section 


See Translator's Preface. 
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Sin 26 


yo 
ao(@) = 2nk Ve“ E(2k sin 2) a0, (c) 


4 Sin 5 


which is to be contrasted with Eq. (5.23) of the text, for the case Gn =0. (cf. [i], Eq. 
(25), and [ii], Eq. (5.14). ‘The notation in Eq. (C) agrees with that in Eq. (5.23) of the 
text; E(k) is identical with B(i) bade” of [i] and with E(k)/2 of [it].) When the time 
dependence of U' is taken into account [ii], there result deviations from Eq. (C) at very 
small scattering angles. A recent investigation of a time-dependent case has been given 
by Lyon [iv] (cf. also note [a] to Chapter 4). 

There is an analogous change in the angular dependence of the scattering when the 
terms involving spatial derivatives of T', which are neglected in deriving Eq. (5.23) of 
the text, are reinstated. Under conditions which are plausible for atmospheric scattering, 
Batchelor [iii] finds that the angular dependence of do(@) is given by cos“6, for the case 
ut = 0, in contrast to Eg. (5.23). 

It should be emphasized that all the corrections discussed above are negligible when 
the sound wave length is very small compared to scales in which there is appreciable tur- 
bulent excitation. In this case, however, the Born approximation no longer provides a 


valid description of the sound propagation. 
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x 
NOTES AND REMARKS 


Part I 


Chapter 1 


a (p.3) A detailed exposition of the topics discussed in this section can be found 
in the papers of Yaglom [1,4,5] and Obukhov [2,3]. 

b (p.3) Here and everywhere afterwards, the overbar denotes averaging over the whole 
set of realizations of the function f(t); in the applications, this averaging is very often 
replaced by time averaging or space averaging. 

e¢ (p.3) The asterisk denotes the complex conjugate. (T) 

da (p-4+) In addition to this definition of stationarity (stationarity in the wide 
sense), there is also another definition (stationarity in the narrow sense), namely, f(t) is 
called stationary if the distribution function (1.1) is invariant with respect to all shifts 
by the same amount t. However, in practice, functions 


of the set of points t Eoreeest 


1? 


which are stationary in the wide sense are almost always stationary in the narrow sense as 


N 


well, so that we need not distinguish between these two definitions. Below we shall need 
only the definition of stationarity in the wide sense; therefore, in the text of this book 
we shall always omit the explanatory phrase "in the wide sense", 


(p.4) In cases where f(t) #0, one can always introduce the new random function 


te) 


F(t) = f(t) - f, for which F(t) = 0. 
f (p-5) 8(+*) denotes the Dirac delta function. (T) 
ge (p.5) Since Bt) = B,(-t), then W(w) = W(-w), and the expansion (1.6) can also be 


written in the forms 


B,() = [ cos(wt)W(w)dw = 2 f cos(wt)W(w)dw . 
- 009 O° 


See Translator's Preface. 
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h (p-9) We note that it can easily be shown that the mean value of f(t) must be a 
linear function of time (in the case of a function with stationary first increments). Thus, 


the assumption that f(t) is a function with Stationary increments is valid only for time 


intervals during which the law of change of the mean value f(t) can be considered to be 
approximately linear. However, this leads to a mich larger range of applicability than the 
assumption of stationarity, according to which the mean value cannot change at all. In 
general, in cases where the assumption that the first increments are stationary is not suf- 
ficiently accurate, we can go further and assume that the increments of some higher order 
are stationary [10]. In what follows, we shall assume that the first increments are sta- 
tionary. 

L (p.-10) In fact, in beginning the study of a random process which we are not sure 
beforehand is stationary, it is more appropriate to construct its structure function than 


its correlation function. Furthermore, the practical construction of the structure func- 


tion is always more reliable, since errors in the determination of the mean value f(t) do 
not affect the value of Dp(t). In the case where the constructed structure function turns 
out to be constant for large Tt, we can find BA(t) as well by using eq. (1.14'). 

ad (pp.12,21) Of course, in all actual cases, the energy of the fluctuations is 
finite. From this it is clear that in cases where the function W(w) becomes infinite at 
w= 0, the function does not have the physical meaning of energy. 


k (p.13) Combine the formulas 


= om-+-vy 
I (2) = 2. () / [mir (m + vt 1)] 


us 


PO)PO. ~ v) = Sie 
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to obtain 


K (z) == Mv)” - = ra - v)(Z)" + oe, (fol <2). (2) 
Vv ya 2 ev 2 


L£ (p-13) To calculate the integral 
ee) 


f w (PH) (3 cos wt)dw , 


O 


one can start with the familiar expression for 


[os] 
f w e7™ aos wt dw , (8B >-1) , 
O 


and then apply the principle of analytic continuation with respect to B. To obtain the 


final result, one has to pass to the limit a- 0. 


t= 


(p.16) Here B(K, - K,) = (kK, - Kp )8(Ky ~ Ko) OK, - Kp.) and dk = dk AK dK, « 
(p-17) Equivalently, differentiating 


Ip 


foe] 


1 
V(x) = = [ B,(r) cos Kr dr , 
O 


we obtain 


oo 


L 
x --2 [| r3,(r) sin Kr dr , 
Oo 


so that (1.27) follows from (1.25). (T) 


o (p. 23) 


Ort 
f cos(x cos 9@)d@ = 2x Ji(x), 
O 


where I(x) is the Bessel function of the first kind of order zero. (T) 
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p (p-26) Use the formula 


2 a rz)r(2 +4). (2) 


2 Mx e 


P(2z) = 


Chapter 2 


a (p.31) The value of this constant must be found experimentally. In this regard see 


Part IV. 


b (p-33) Some considerations pertaining to the behavior of Dey 8nd D,, for large r 


tt 
are given at the end of Chapter 3. 

ec (p.38) If we assume that the eddies, even including infinitely large ones, are iso- 
tropic, then from the incompressibility condition and some supplementary hypotheses we can 


obtain the following Capansion for E(K) for small K [16] : 
y 
E(k) = CK + o(x®) . 


However, since under actual conditions the large scale eddies are inhomogeneous and aniso- 
tropic, the applicability of this result to atmospheric turbulence is very doubtful. 


da (p.38) In studying the structure fumctions D,, and D, in wind tunnels, one does 


tt 
not usually succeedin obtaining large enough Reynolds numbers to make the interval (4051) 


large. [We recall that ti” L/(re)>!* J 
Chapter 3 


a (p.40) The assumption that the temperature is passive is in general not true, 
Since buoyancy forces are associated with the temperature inhomogeneities [20] . However, 
for a given dynamical regime of turbulence, which already takes into account the action of 
the mean temperature profile, the fluctuating part of the temperature can be considered to 
be a passive additive. Recently, Obukhov [4] investigated the departures from the "two- 


thirds law™ for a temperature field,which are connected with its lack of passivity. As a 
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result of an analysis of the influence of the buoyancy forces on the turbulent regime, he 
concludes in this paper that in regions small compared to the characteristic dimension Ls 
the temperature fluctuations obey the same "two-thirds law" (see p. 46) as obeyed by passive 
additives. However, in the range of sizes (LoL); the "two-thirds law" is violated. ‘The 
dimension I is defined by the relation Le = eo!" y 73/* g-2/? (where § = g/T., g is the 
acceleration due to gravity, qo is the mean temperature, and the symbol N is explained on 

p- 44). In the free troposphere, L. can be several times smaller than L.« (The ratio L/L, 


3/2 


depends on the meteorological conditions and turns out to be equal to L/L, = (RL) » where 
R, is the Richardson number; see note [e] to Chapter 10.) 

b (p-41) To justify Eq. (3.4), one can give an argument similar to that made in deriv- 
ing the formila q, = - D grad 9, by just replacing the process of transport of the property 
§ due to molecular motion by the transport of $ due to the chaotic motion of small parcels 
of air. 

c (p.42) We recall that we consider the motion of the fluid to be incompressible, i-e., 
we take div v = Ov, /Ox, = O, whence it follows that ov, /Ox, = O and ov} /Ox, = 0. 

da (pe49) The relation (3.28) can be obtained from the Navier-Stokes equation in just 
the same way as the relation (3.11) was obtained from the diffusion equation. The relation 
(3.28) is valid in the case of stationary turbulence and actually represents a condition for 
the turbulence to be stationary. 

e (p-51) For a more detailed account of the results of measurements of temperature 
fluctuations in the atmosphere, see Part IV. 

f (p.52) We note that the constant p§°)( Ea ~ Fol) ig defined only for |r, - r,| KL. 


To construct the spectral expansion (4.34), we must specify the function DA [F, - xr,|) in 


2 | 


> > > 1, > 
some reasonable fashion for large values of Ir, - 7 The function Ok, (PF, + r,)) which 


al: 
is obtained as a result has meaning only for |K | SL, 80 that the way of specifying the 
function D,, does not influence the function 9, in the range lk| > Le The situation is 
just the same in deriving Eq. (4.33). 

g (p.53) This is true only approximately. Some details of the spectral distribution 


can in general depend on c* 


e (For example, the quantity t depends on the Reynolds number. ) 
1 


However, in the region Le KKK *, a universal spectral density 96°) (%) can still be 


defined. [An exact mathematical theory of random processes with smoothly varying mean 
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characteristics, has been given in [92] and in RA. Silverman, "A matching theorem for locally 


stationary random processes", Comm. Pure Appl. Math., 12, 373 (1959). (T) | 


h (p.54) Actually, as shown in the reference cited in note [e] above, in the case of 
a random process with smoothly varying mean characteristics, there is no need for using 
stochastic Fourter-Stieltjes integrals, since in general ordinary individual Fourier trans- 
forms of the sample functions of the process exist with probability one. (T) 

1 (p-55) This correlation between neighboring spectral components of the random field 
f(r) is simply related to the space correlation properties of radiation scattered by f(r), 
when the latter is a random refractive index field. In this connection, see R.A. Silverman, 
"Scattering of plane waves by locally homogeneous dielectric noise", Proc. Camb. Phil. Soc., 


54, 530 (1958). (T) 


Part Il 


Chapter 4 


a (p-59) In Part IV, time changes of the refractive index field are taken into account 
for the case of line-of-sight propagation. For the case of radto seattering, time changes 
are taken into account in several papers, e.g-, R.A. Silverman, "Fading of radio waves scat- 
tered by dielectric turbulence’, J. Appl. Phys., 28, 506 (1957); erratum, ibid., 28, 922 
(1957) and R.A. Silverman, "Remarks on the fading of scattered radio waves", IRE Trans. 
Antennas and Propagation, Vol. AP-6, 378 (1958). See also Appendix. (T) 


(p.60) A denotes the Laplace operator. (T) 


]}o 


(p.61) Thus we neglect the fluctuations produced in the incident wave as a result 


Ke) 


of its propagation from the source of radiation to the scattering volume (see Part III). 


a (p-61) It follows from (4.13) that 


< 1 3 
~w VL 
jz bet or’ o? 


where Ly is the outer scale of the turbulence. Thus it is not just the smaliness of ny 
which justifies neglecting multiple scattering (i.e. the terms E,, + E, + eee)3 in fact, the 
random nature of the scattering medium also helps attenuate multiple scattering, for other- 


wise we would have v" instead of vi? in this estimate. For a detailed analysis of multiple 
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scattering in a one-dimensional random medium, see I. Kay and R.A. Silverman, "Multiple 
scattering by a random stack of dielectric slabs", Nuovo Cimento, Vol. 9, Serie X, 


Supplemento No. 2, 626 (1958). (T) 


]@ 


(p.64) In detail, Cy = ic, A, (k -~ km) = ikC, 


(p.-64) The velocity of light is denoted by c. (T) 


A jm (T) 


[Hy 


(p-67) When the volume is a cube with side 2h, we have 


[oa 


sin AJA sin An sin Ash 
thy 1, mr, 


F(X) = 


where X = (212525) . For i= 0, F(0) = (n/n)? for i, = t/h, F(X) vanishes, and for 
large 4, F(X) oscillates and falls off rapidly. As h-~+o, F(X) + 8(X). 

h (p.68) Rigorous conditions for the validity of approximations like $,(X) “ 9, (x) 
as K +o are given in the one-dimensional case by H.S. Shapiro and R.A. Silverman, "Some 
spectral properties of weighted random processes", IRE Trans. Inform. Theory, Vol. 5, No. 3, 
125: (1959) 5 (2) 

1 (p-69) As is well known, an infinite sinusoidal diffraction grating produces dif- 
fraction of a plane monochromatic wave only at one angle @ (more accurately, at two equal 
angles +9), which satisfies a relation similar to (4.20). In the case of diffraction by 
a sinusoidal diffraction grating of finite dimensions Ly each of the diffracted bundles 
has a spread A 6 ~ d/L. This means that finite dimensional sinusoidal diffraction 
gratings with neighboring periods can also participate in diffraction at the angle @, since 
these lattices include the direction @ because of the spread of their diffracted bundles. 

Bl (p.69) For example, for \ = 10 cm, 6 = 0.033 and H = 2 km, the size of 4 is 
3m + O.5 cm. 

k (p.69) In the majority of applications, the condition (4.21) is met satisfactorily. 


Apparently, the size of L. in the troposphere is of the order of 100 m. 


Je 


(p.-69) The structure of this kind of turbulence was described at the end of Chapter 3. 


(p.74) Actually, pressure fluctuations in a turbulent flow lead to much smaller 


IB 


refractive index fluctuations than temperature and humidity fluctuations. The corresponding 
estimates are easily carried out by using Eqs. (4.36) and (4.44). We do not consider here 


the second paper by the same authcrs [93], because of its incompatability with turbulence theo 
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D (p.75) Incidentally, we note that Villars and Weisskopf were apparently unfamiliar 
with the papers of Obukhov [30] and Of Obukhov and Yaglom [13] on pressure fluctuations. 
Therefore, their way of deriving Eq. (4.39) is much more complicated than the way we give. 

o (p-76) A similar expression for the effective scattering cross section of sound 
waves in a turbulent flow was obtained by Blokhintsev [32,33] in 1946. 

p (p-77) Amore detailed investigation shows that Eq. (4.47) 18 applicable only in 
the case where the quantity 7 is small compared with 9. In the case where ¥ >@, the change 
of @ within the scattering volume begins to play an important role. In this case, the effec- 
tive size of the scattering volume is determined by the angle 9 rather than 7, and V ~ p? e 
[Taking this into account modifies the analysis of the experiment of Bullington et al. 
given in [32] and the conclusion drawn from it. (T)] 

q (p.80) <A more detailed description of the results of measurements of C,, will be 


T 
given in Part IV. 


Chapter 5 


(p.81) See Appendix. (T) 


|@ 


(p.83) We assume, therefore, that u'(r) and T(r) do not depend on time. The actual 


|" 


changes of these quantities in time can be regarded as a change of the different realizations 
of the random fields. 

c (p.84) At first glance, Eqs. (5.13) to (5.15) differ from the corresponding Eq. (4.12) 
for electromagnetic waves by the presence of the factor Ke instead of x. However, this 
difference is only apparent, since in (4.12), A, represents the amplitude of the field Ey? 
whereas in (5.13), A, is the amplitude of the potential q. However, the amplitude of the 
acoustic pressure or the acoustic velocity is proportional to kA, so that wea = x'(Ka,)*. 

d (p-84) In fact, in the case of isotropic turbulence, the quantity u'(r,)T'(r,) can 
depend only on the vector p =T, - To, i.e. has the form A(p)p. Since div u = 0, then 
div(A(p)p) = 3A + pA'(p) = 0 also, whence A = c/p’. Since for p = 0, A(p)p must be finite, 
it follows that C = 0, as was to be shown. 


e (p.89) In Part IV we shall study this matter in more detail. 
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[es] 

1 1 1d 2 

ieee f B,,(r)r sin Kr dr = heme J r sin KBr + > ap (r 22) dr = 
fe) 


- co 00 
Vv 
= 5 | e-r/t rsin kKrdr-k [ e7r/t ro cos Kr dr = 
lex K 5 
eve K =? 
= e (T) 
a°(1 + Kee)? 


g (p-90) This fact follows from the general expression for E(K) for small K which 
h 


is valid for homogeneous isotropic turbulence, i.e. E(K) = CK +... (see note [e] to 


Chapter 2). However, this result is hardly applicable to atmospheric turbulence. 
Chapter 6 


a (p.93) Let n=1+ n> where |n, | <<landE = E, + Ey. Then 


AE, +k E = 0 
and 
> a> o > ~ 
AE, +k E, + ek n,5, + 2 grad (E *grad n,) = 0. 


The last term of the equation is of order no greater than kEn, /t, end is always much less 
than the third term of the equation when kt . >> 1. Since the term 2 grad (Fegrad log n) 
in Eq. (6.1) is related to the change of polarization as the wave propagates, this effect 
is small in the case < vee 


b (p-94) See pages 60 - 61. 
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ce (p-104) To avoid eonfusion, we agree that the differential of the varlable which 
is integrated will be the first to appear after the integral sign. 


da (p-112) We have used the formula 
mn 2 
[ - syGePax = aan p+ 2] ein P= DS (1 <p <3), 
J | 


which can be obtained from thé familiar formula 


“ ; 3a n(=$4) 
| s(ooxtx = Sy ES 
a (= 5) 


by analytic continuation with respect to q. 

e (p-112) A formula similar to (6.68) was first obtained by Krasilnikov [43,4]. 
However, in this work, instead of the“inner scale"of turbulence to he uses a "smoothing 
parameter” which is assumed to be proportional to the wavelength (without sufficient jus- 
tification). 

f (p-113) This is the condition for the applicability of the geometrical optics 
approximation; see section 6.7. (T) 

g (p-118) We assume here that the "two-thirds law" is satisfied for the temperature 
T rather than for the potential temperature H; this is valid only in the layer of the 


atmosphere near the earth, where T and H are practically the same. 
Chapter 7 


a (p.124) This way of approximately solving the wave equation was proposed by Rytov 
[50] and was used by Obukhov [51] to solve the problem of amplitude and phase fluctuations. 

b (p-126) The quantity 9 = =[V 8,] 1s equal to the deviation of the direction of 
propagation of the perturbed wave from the initial direction. Thus, the condition (7.19) 
imposes a restriction on the size of the fluctuations of the propagation direction of the 


wave. 
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c (p.137) This assertion can be proved rigorously for monotone decreasing functions 
O (x). 

d (p-144) The quantity L, is finite only when the function Br) decreases sufficient 
ly rapidly as ro, 

e (p-145) If we bear in mind that the spectral density of the correlation function of 
the amplitude fluctuations of the wave is small in the region K < 2x / JiL, then we can con- 
clude that the correlation function B ah?) must undergo smooth oscillations of small size, 
with period of order VAL. Because of these oscillations of the function BCP), the rela- 
tion (7.55) is also satisfied. 

f (p-147) ‘The function (7.73) was used in the paper of Obukhov [51] and in the 
related papers of Chernov [56 557] and other authors (58, 61] . 


& (pp. 147,150) If we define, as usual, the inner scale 4. of the turbulence as 


t = \/-2B(0)/B"(0), 


O 


and the outer scale Le of the turbulence as 


ioe) 
1 
L. = Blo) f B(r)dr, 
O 


then, using (7.73), we obtain t = a and Le =5 x Ge 


h (p.152) It is easy to show that 


A 
pA? f (1 - S22 %)xP ax = 1 + 0(a"®) 


O 


for O<p<l. 


i (p.153) In calculating the integral, we used the formula 


fos] 


-1 
[ (2 - BBE Fax = «| 2r(h - a) sin 33 (O0<a< 2), 
O 


2{O0 


which can be obtained from the well-known formula for 


f ont e7P* sin x ax (a > 2) 


O 


by analytic continuation with respect to a and subsequent passage to the limit B > 0. 


[A more accurate value of the numerical constant in (7.94) 18 0.307. (2)| 


di (pp-153,155) By using (7-92) we can obtain asymptotic expansions of b,(9) for large 
and small values of the parameter p/ /\AL. For L§<«Ke< VxL, we have 
b,(p) ~ 1 - 2.37(«/L)2/© 93/5, 
For ¢ > ViL, we have 
b,(p) ~ - 0.12(L/«) 7/6 pt /3 . 
We recall that 
b,(e) ~ 1 - 2,80( K/L.) 2/6 V/s 0° 
forp << toe 
k (p.153) We note that the quantity J/xL, for which the correlation function (7.92) 


has a negative minimm, corresponds to the average size of the "running shadows" which 


appear when one observes twinkling sources of light. 


t (p.160) As we have seen above, this condition is not necessary (see page 126). 
Chapter 8 
a (p.164) Strictly speaking, the function 9, («7) can be defined uniquely only in 


the region K >> 1/L, 


ofl 


b (pp-168,170) As is well known, if the observation point is located near the surface 
of the lens, then the intensity of light at the point is just the same as in the absence 


of the lens. 


e (p.169) We have 


x = ot/6 «°(0.033)x"/ f x it/6 sin’x dx. 
O 


To evaluate the integral, we use the formula 


p-2 
f x7 (Pt) sin’x dx = —S——%_—-__ (0<p< 2), 
O sin “e I(p + 1) 


which is obtained from the formula 


foe) 


2 f (1 - cos wr) Al w|~SPFD) a _ —__“At_____,P (O0<p< 2), 
- 0 sin “EF I(p + 1) 


il 


(see example b on page 13 and note [2] to Chapter 1) by setting t = 1 and w OX (T) 


da (p.170) This remark can be illustrated by the following example. If a plane-parallel 
Slab is placed on the ray path, then the phase shift produced by it does not depend on the 


coordinate of the slab. 


Chapter 9 


a (p-176) This equality acquires precise meaning after multiplying both sides by 


f(K and Kj. 


2 by) 
b (p-177) Eq. (7-32) can be obtained from (9.13) if we carry out the integration in 


oKz) and integrating with respect to K 


(9.13) on the segment from L - R to L and let L go to infinity, keeping R finite. This case 


corresponds to an infinitely remote source of spherical waves. 


ete 


c¢ (p-183) We note that the transition from Eq. (9.25) to (9.26) can only be carried 
out for a spherical wave. Therefore, the subsequent formulas do not go over to the corre- 
sponding formulas for a plane wave (see [b]). 

ad (p.184) In general, it can not be asserted that the integrand in Eq. (9.31) is the 
spectral density of the correlation function of the fluctuations of logarithmic amplitude. 

e (p.185) ‘This effect can be explained with the help of the following simple consider- 
ations. Suppose that along the path of the plane wave, at a distance L from the observation 
point,there is located a converging lens with a focal distance f which greatly exceeds L. 
It can easily be calculated that as a result, the diameter of the bundle bounded by the con- 
tour of the lens is reduced in the ratio 1:(1 + 2), as compared to the diameter of the same 
bundle without the lens. The compression of the bundle leads to an increase of light inten- 
sity in the ratio 1:(1 + Z)° ~1:(1 + =). Carrying out a similar calculation for the case 
where the source of light is located at the distance L + a from the observation point (i.e., 
at the distance a from the lens), where a << f, we find that the relative compression of 

L a. 


a 
the diameter of the bundle is equal to 1 +FaRL - Since we always have -—F> 


the relative change of light intensity of a spherical wave is always less than the corre- 


<1, then 


sponding quantity for a plane wave. Thus, the amplitude fluctuations of a spherical wave 


must be less than the amplitude fluctuations of a plane wave. 


Part IV 


Chapter 10 


a (p.190) ‘Thus, fluctuations in the difference of velocities at two points which are a 
fixed distance r from each other,decrease when the pair of points is translated upwards. 
However, wind velocity fluctuations at one point do not depend on the height of the point 
and have the order of magnitude v, (see [24] ). 

b (p.192) We note that this relation is non-linear, which makes working with the appa~- 
ratus much more difficult. 

¢ (p.192) Later (see p.203) we cite a value of the constant VC obtained from measure- 


ments of amplitude fluctuations of sound waves. It is close to the value of 1-4 obtained 


by Townsend. 


a) 


d (p.193) We give preference to this value of C, since it agrees better with numerous 
measurements of amplitude fluctuations of sound (see p- 203 )- 
e (p.195) By a more refined argument, one can arrive at the conclusion that for stable 


stratification 


Is 1/3, 7 TR 


where Ri is the (dimensionless) Richardson number, which characterizes the extent to which 


the temperature stratification influences the turbulent regime. The Richardson number 


g(dT/dz) 
Ri = ——-—_-_———- 
T(3u/dz)° 


depends both on the form of the temperature profile and on the form of the wind profile; 
here g = 9.8 m/sec’. 
f (p.196) The information cited above concerning temperature fluctuations in the lower 


troposphere is of a preliminary nature and needs further elaboration. 


Chapter 11 


a (pp.198,204) It can be shown that this condition is satisfied in the layer of the 
atmosphere near the earthift< Kz/Vy- For z of the order of a few meters, the quantity 


Kz/vy ig of the order of a few seconds. 


[oO 


(p-201) See Eq. (7.94). (T) 


(p.201) Here T is written instead of T, (cf. Eq. (6.91)). (7) 


[a 


| 


(p.201) ‘This ts the order of magnitude obtained if we set z = 8 m (the value given 


in [71]), AT = 0 in Eg. (11.4). (7) 


O74 


Chapter 12 


a (p. 209) Another justification of this conclusion can be given, based on the 
independence of the different spectral components of the turbulence. (However, note that 
the finite size of D leads to correlation between neighboring spectral components in the 


harmonic analysis of the integral 


[Tf F(r')n'(r')av'. 
D 


Thus, for the integral to be approximately normal, we must require that the volume in wave 
number space which contributes most to the integral contain many "substantially uncorre- 
lated subvolumes". This is tantamount to the requirement that D itself contain many "sub- 
stantially uncorrelated subvolumes". (T)) 

b (p-209) In Fig. 25 the function log x is marked off along the horizontal axis, 
while the function (i) ~t ex) is marked off along the vertical axis. Thus, the points in Fig. 
25 are actually a plot of 9 “lep(r)) v8. log (I/I,)- If a random variable has a normal 
distribution (with mean zero and variance one, say), then its empirical distribution func- 
tion G(x), which is itself a random variable depending on the sample used, converges uni- 
formly in probability to 


x 


G(x) = (1/vae) | exp(-*/2)at 


=~ © 
as the sample size increases. Moreover, 9 “1 O(x)) = x, 80 that 9 “1 (G(x) is approxi- 
mately x. Similarly, if a positive random variable € has a log normal distribution, then 
its empirical distribution function F(x) converges (in the sense indicated) to the distri- 
bution function 


log x 


(1/\VEx ) [ exp(-t/2)at, 


a- 06 
-1 
since Prob(t <x) = Prob(log & < log x) and log & is normally distributed. Thus, 9 ~~ (F(x)) 
is approximately log x and if} 10 5(x)) is plotted against log (x/x,) 5 the resulting curve 


is approximately a straight line. (T) 


e719 


(p.212) See pages 140, 15%. (T) 


Ke) 


[Qs 


(p.214) We note that the theoretical curve of R = f(e/\/AL) has a zero for 

p= 0.8 VAL, while the experimental curve has a zero for ep = 1.5\/<L - This discrepancy 
can evidently be explained by the fact that in the experiment described we had a geometri- 
cal bundle instead of a plane wave. It is easy to see that this ought to lead to an 
increase in the correlation distance. 

e (p.215) As we convinced ourselves above, the chief contribution to the fluctuations 
of I are produced by the inhomogeneities of order VAL contained inside of the paraboloid 
y° + 2° = Ax with vertex at the point of observation. Displacement of an inhomogeneity 
along the axis of the paraboloid can appreciably affect the field I only in the case where 
as a result of the displacement, the ratio between the size of the inhomogeneity and the 
diameter of the paraboloid changes appreciably. It is easy to see that such a displacement 
is of order L. At the same time, a displacement of the inhomogeneity perpendicular to the 
axis of the paraboloid by an amount VAL » which takes place in a time T = VaL / Vv? also 
appreciably changes the field I. The longitudinal displacement in the time +t is equal to 
Ax = tw, = (v,/v,)VAb. If Ax KL, tee. ifasvi/v, >> VA/L, then the longitudinal 
displacement can be neglected. 

f (p.216) We use the frequency f instead of w and we make the expansion with respect 
to positive frequencies; this simplified comparison of the results of theory and experiment. 


The relation inverse to (1.23) has the form 


oe] 


R(t) = f cos (2Onft)W(f)af. 


O 
g(p-216) Cf. Eq. (1.51). (fT) 
h (p.218) The condition AL >> 4, has been used to set the upper limit of integra- 
tion in (12.5) equal to». (T) 
i(p-218) The function fw(f) 12 has a maximm for f = 1.38 f = 0.55 Vv, /J™ . 
J (p.221) The positions of the maxima of the theoretical and experimental curves in 


Fig. 31 have been deliberately made to coincide. 
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Chapter 1% 


a (p.228,236) The dependence of the amount of twinkling on the size of the diaphragm 
given in [84] has to be corrected, since this dependence was obtained by summing the ampli- 
tudes of the fluctuations at different frequencies instead of summing the squares of the 
amplitudes. Table 5 was constructed by using the integrals (given in [84], pp. 120-123) of 
the squares of the frequency spectra shown in Migs. 42 - 45. ‘The date presented in Fig. 33 
was constructed from Table 6. 

b (p.232) In radiophysical applications V,. 1a expressed in terms of the function 
which describes the directivity pattern of the antenna. 


c¢ (p.233) For Re(v) >- i » Re(u + v + 2) >Re(A +1) >0, the formla 


2 
00 be v 
J (at)d (bt )T (ct) (= 
A= J TT ae x 
O t vx T(v +5) 
oo 3 ey 
J (at)J. (wt)sin™’o 
x ff B dgdt 
~v 
w t 
oun) 
is valid [53], where w= p” + °* - 2bc cos m. Setting uy=0, vel, (#0, b= c=R, 
azo, we obtain 
3 00 Q 
Re J (Ke)T, (2kR sin 4) P 
As = sin» dodk. 
x 2R sin M4 
oe) 2 


But we have [53] 


forv< u, 


fe @) forv> ue 


Consequently, A = O for 9 > 2 and 


> 
| 
et 
o 
Oo 
m 
te 
§ 
il 
Alb 
~ 
I 
Q 
Q 
O 
nM 
i 


2 arc sin(p/2R) 


for p < QR. 
a (p.234) We note that this formula could also have been obtained immediately from 


(13.15) by introducing the coordinates J, = Resin y, z, = R cos y, J, - J, = p cos g, 


1 
Z, - 2, = 9 Sin 9, and integrating with respect to y, and R. 

e (p.241) See also page 256. 

f(p.245) The formula in question describes the spectrum of the fluctuations of light 
intensity only in the case of small fluctuations, when we neglect the difference between on 
and log (1 + a”). 

g (p-.251) The frequency of these "wiggles" is of the order of thousands of cycles per 
second, whereas their amplitude is negligible. Therefore they do not register when P(t) is 
recorded by using a relatively low frequency loop oscillograph. 

h (p.252) The quantity vn generally depends on 9 also, i.e. Vv, = vvV1 - sin“@ cos“o ; 
where ~ is the angle between the azimuth of the star and the direction of the wind. However, 
the data of Fig. 45 apparently attests to the fact that at the time of the observations the 
quantity @ was close to 90°. 

i (p-254) It should be noted that the function G(D /\/AL) calculated above was com- 
putei for the case of fluctuations of a plane wave, whereas in the case being considered we 
have a homocentric bundle of incoherent waves. This difference can slightly modify the 
function G(D /\AL ). We can take account approximately of such a modification by introduc- 


ing into the argument of the function some constant factor yp of order unity. 
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J (p.256) The estimates of the size of the temperature fluctuations made in [91] 


were based on the erroneous idea that under atmospheric conditions both the case 


VAH, sec 6 << L. (for small @) and the case VAH, Bec @ >> L, (for large @) can occur. 


etg 
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